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Abstract 


Switch-level simulators model a metal oxide semiconductor (MOS) large scale integrated (LSD) 
circuit as a network of transistor "switches". They can simulate many aspects of MOS circuits which 
cannot be expressed in the Boolean logic gate model, such as bidirectional pass transistors, dynamic 
storage, and charge sharing. Furthermore, the logic network can be extracted directly from the mask 
specification by a relatively straightforward computer program. Unlike analog circuit simulators, 
however, the nodes are assigned discrete states 0, 1, and X (for unknown), and the transistors are assigned 
discrete states "open", "closed", and “unknown”. As a consequence, switch-level simulators operate at 
speeds comparable to logic gate:simulators. .. Nakee tt ade OG 


In this thesis, a formal model of switch-level networks is developed. The networks in this model 
may contain transistors of different strengths and types, as well as nodes of different sizes and types, and 
hence the logical behavior of a wide variety of ratioed, complementary, and ratioless designs can be. 
expressed. In kecping with the concept of a logic model, however, both the transistor strengths and the 
node sizes may take on only discrete values, and electrical behavior is modcled in a highly idealized way. 
The operation of a network is characterized by its target state fi..ction, which for a particular state of the 
network yiclds the logic states which the nodes would eventually reach if all transistors were held fixed in 
their initial states. This characterization abstracts away the rate at which nodes approach their target 
states and the voltages through which they pass but provides adequate detail for many simulation and 
analysis techniques... The target state function can be defined: in: terms oftian abstraction called /ogic 
signals, where a logic signal gives a composite description of the network:.at.some node much as a 
Thevenin equivalent network gives a-composite: description of 2 lincar network at some port. 


Logic signals can be formalized into a simple, discrete algebra with operations describing the effects 
of performing some elementary nctwork transformations. A technique for finding the target state of an 
arbitrary switch-level network can be derived by utilizing concepts from abstract algebra and lattice 
theory. This technique leads to an algorithm for a switch-level simulator which improves on previous 
algorithms in its generality, speed; and simplicity, : Furthermore, the mathematical formulation provides a 
means for proving uscful properties about. the simulation, method. and ooo up further areas of 
application for the switch-level model. 
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1. Introduction 


Recently, a new class of logic simulator has emerged spccifically for simulating metal oxide 
semiconductor (MOS) large scale integrated (LSI) circuits. These switch-level simulators model an MOS 
design as a set of nodes connected by transistor “switches” with each node assuming a state 0, 1, or X 
(unknown) and each switch a state “open", "closed", or "unknown". Programs such as the author’s 
MOSSIM [8, 9] and others [5] show remarkable accuracy and versatility in simulating such logic clements 
as logic gates, pass transistor logic, busses, and both static and dynamic memory. The accuracy results 
because the logic network closely matches the actual circuit, while the versatility results because 
transistors form a common denominator for all LSI design techniques. Furthermore these simulators 
operate at sufficient speeds to test entire LSI systems, because behavior is modeled at a logical rather than 
a detailed electrical level. Unlike previous attempts at developing MOS logic simulators by adding ad hoc 
extensions to gate-level simulators, switch-level simulators are based on a uniform and consistent model 
which provides a powerful level of abstraction for viewing MOS designs. In this thesis the concept of 
switch-level simulation is developed into a mathematical model of MOS logic networks from which 
simulation algorithms and other analytic tools can be derived. 

The ability to implement digital logic has progressed greatly in the past decade with circuits of 
increasing size and complexity being fabricated at decreasing cost. Metal oxide semiconductor (MOS) 
technology has played a major role in this "integrated circuit revolution” due to its relative simplicity in 
both design and fabrication. In more recent years MOS design has become part of the university 
curriculum. in both electrical engineering and computer science. By using simplified design rules and 
conservative clocking schemes, and by following systematic methodologies such as those presented by 
Mead and Conway [28], the basics of MOS design can be learned in one semester. As this training 
becomes widespread, we will see a new form of integrated circuit revolution in which nonspccialists 


design their own custom integrated circuits rather than relying on the limited variety of commercially 


available products. 

With the increasing number of custom-designed integrated circuits, and with the. growing size and 
complexity of commercial LSI products, the inadequacy of current LSI design techniques has become 
apparent. The semiconductor industry has traditionally relied on humans to design, lay out, and verify 
LSI systems. Typically many man hours are spent, and several prototype chip designs are fabricated in 
developing a single IC design. Industry analysts have extrapolated. the current design techniques and - 
estimated that a 100,000 device microprocessor (the expected state of the art.in 1982) would take 60 
man-years to lay out and another 60.to debug [41]. Rather than accepting such predictions as inevitable, a 
change in. design techniques is called for. 

‘Computerized tools have been applied to commercial LSI design, but most of these can be viewed 
as extensions of manual techniques (such.as graphical layout systems), or as experts in a specialized 
domain (such as circuit simulators.). Both kinds require close conperatjon with a human, who.understands 
the exact capabilities and limitations of the program. In addition, humans are required to bridge the gaps . 
between programs with expertise in different damains. For example, before.a design. can. be. tested by a 
logic simulator, the actual design typically must be. translated by hand into a description which can be . 
understood by the simulator. This translation. process wastes manpower: in performing a rather tedious 
task and also decreases the level of confidence provided by the. simulation... 

Logic simulators form a important class of computerized tools: for LSI design. Their utility has 
long been recognized for analyzing designs which by their size and complexity exceed the capability of 
humans to fully. understand. The usefulness of a logic simulator depends greatly on. the consistency and 
seas with which it can model the full range of design techniques available to. the designer. Of course 
no logic simulator can model all designs with complete accuracy, because it daes not simulate.the detailed 
analog behavior. Nonctheless, it should provide as close a model as possible within a set of well-defined 
limitations. As a further requirement, a logic simulator for LSI must be. efficient cnough to simulate 


entire systems with reasonable specd. The size of single-chip, very large scale integrated (VLSI) systems 


will far exceed the small scale ineegraiea (SSI) systems for which conventional logic simulators. were 
designed. 

A logic simulator has as its basis an abstract modet of how digital systems function. This logical 
model describes both the structure and the behavior of a system in-terms of a set of primitive elements, a 
set of interconnections, and a set of rules for operation: For a simulator to accurately and reliably 
simulate a system, the logical model must reflect its actital structure and operation. 

Unfortunately, the development of logic ‘Stinutators has not Kept pace with LSI technology. This 
inadequacy stems in part from the lack of formal logic’ models for describing the behavior of MOS 
circuits.) Instead, systems are designed and simulated using an ad hoc combination of Boolean gate 
models, relay models, and electronic models. Such @ representation ‘may be appropriate’ for human 
designers, who can combine different modes of operation and resolve the conflicts between these models. 
Computers, however, lack the intuition required to simultaneously view a system at several different” 
levels. Computerized: tools must be based on models which can destribe a large class of systems in a more 
uniform way. 

Most logic simulators are based on the Boolean gate model which adequately models systems built 
from SSI components but fails to support the wide variety of techniques ‘available to the LST designer,’ 
especially for MOS LSI. Many extensions of the Booléait gate model have been attempted with the usual 
result that only a slightly larger class of designs can be simulated and‘ttiany sources’ of unpredictable or 
inaccurate behavior are introduced. ‘This elaim wilt be supported by briefly surveying the development of 


logic simulators with respect to their support for MOS LS¥ design. =’ * 


a ee ee 


1. Brzozowski and Yoeli [10] present a logic model in which "T-elements"- provide a-simplified model of 
field-effect transistors. This model, however, only expresses ‘aie open. ae static logic, gates. 
Furthermore, it has not received widespread attention. 


1.1 The Boolean Gate Model 


The Boolean logic gate model has formed the theoretical basis for logic design ever since the advent 
of electronic logic. In this model a system consists of a set of logic asics Comnected by: unidirectional, 
memoryless wires. The logic gates compute Boolean. functions of their iaput signals and transmit these 
values along the wires to the inputs of other gates, Each.gate input. has a unique. signal source. 
Information is stored only-in the feedback. paths of sequential circuits. This. model directly implements 
Boolean algebra [20] and hence has a well-defined specification which can guide. the simulator 
implementation. 

The Boolean gate model cannot describe many: of the techniques available to. the logic designer, 
especially the MOS LSI designer. MOS pass transistor networks can implement combinational logic in 
ways which more closely resemble relay contact networks than logic gate networks (see [28} or [16] for 
several examples.) Dynamic memory can store information without feedback:paths by exploiting the 
capacitances of the wires and the gates of the transistors attached to them. A variety of bus structures can 
provide multidirectional, multipoint communication. A logic simulator which implements oaly the 
Boolean gate model provides limited support to the MOS LSI designer. Most: existing logic simulators, 
however, extend the Boolean gate model in yarious ways, Hence, any evaluation of logic gate simulator 
must consider these extensions as well. 

Many simulators extend the two-valued logic of Boolean algebra with a:third. value to represent an 
unknown or undefined logic level. This "X” level can indicate. an. yninitielized. state vasiable, a signal. 
held between the two logic thresholds, or a signal in transition between 0 and 1 or between 1 and 0. The 
X logic level can be handled algebraically by changing the two-valued Boolean algebra to a three-valued 


DeMorgan’s algebra [3, 11, 23, 46.1 Thus, even with this extension many of the desirable mathematical 


1. A DeMorgan’s Algebra satisfies all postulates of Boolean Algcbra except.for the Law of Excluded. 
Middle (A + 1A = 1). 


a Bs 


properties of the Boolean gate raed are preserved. Alternatively, some simulators.implement the X level : 
by an enumeration technique in which the simulation is repeated with the nodes at the X level set to all 
possible combinations of 0’s and 1’s [6, 45]. Nodes whic remain at a: unique level for all conibinations 
are set to this level, while all others are set X. Still other simulators [44] use ad. hoc techniques to 
implement the X level often resulting i in inconsistent aad arfomatous behavior: The’ Xogic level is useful in 
simulating all forms of digital logic including MOS. 

To model the behavior of bus structures; some logic simulators have a fourth or “high-impedance” 
logic levet [12]. This H level corresponds to the third state of tri-state logic. "To simulate a bus srusuire, i 
the outputs of'a number of'gates are connected fo a common node. ‘Typically all but orie datput will be at 
the H level, and the level of that dutput will dominate.” Unlike the X level which can'be viewed as an 
extension of Boolean algebra, the’H lével ‘violated a basic principle of the Hooléan model, in that a logic 
gate input no Jonger hai’ a unique signal Source. “Hecause the  iniuiatos § is not based on a well- ‘defined 
mathematical model; it' becomes difficult to implement condistently ‘anid accurately. ‘The H state may be ‘ 
adequate for simulating SST désigns in which only limided forms of tr-siate buisses can be implemented. 
The MOS LST designer, on’ the other hand, can ‘select from a wide variety of bus designs, such as 
pre-charge/discharge and multiple driver designs. “The'H state only ‘partially captures the behavior of 
these buts structures. Noniétheless, the  H logic level ig seen in simulators fot both MOS'and other forms 
of logic. Ms | | 

Some sittiulators allow a special logic gate to represent the MOS pass transistor [44]. ‘This logic gate 
models a field-effect transiétor (FET) asa unidirectional device with two inputs and One output as shown 
in Figuté 1. The simulator cannot help ifn casés ‘in which ffie Bidirectional ‘property of the FET is 
+: 


important, such as in circuits where information may flow in either direction,’ or where the design has a 


1. In actual fact, the bidirectional | property of the FET is rarely used intentionally, The author an has see 
only a few designs which have signals propagating in ‘both directions through.a pass transistor, ; 


Fig. 1.1. The FET Logic Gate 


clock data output 
clock 0 0 H 
0 1 H 
. . 1 0 0 
data output 1 1 1 


malfunction due to a sneak path. More recent gate model simulators have implemented bidirectional 
transistor models, but these transistors usually entail a much higher computational cost, and hence their, 
use must be minimized. Furthermore, few of these simulators can simulate arbitrary combinational 
networks of pass transistors, because they cannot model the action of pullup,resistors. Thus this, extension 
does nat fully capture the behavior of the MOSFET. Like the high-impedance logic level, it also lacks the 
algebraic properties of the Boolean gate model and hence forces an ad hoc implementation. — 

Finally, some simulators model dynamic memory ina limited fashion [44]. A node is allowed to. 
remain at a previous logic level if the outputs of all logic gates connected to the node are at the H. level. . 
This extension is very limited in its generality and its accuracy.) 

As new types of MOS logic circuits are developed, designers add more extensions of the Boolean | 
gate model to their simulators. These extensions are doomed to faiture, because they cannot correct the 
fundamental mismatch between the Boolean gate model and MOS logic circuits, MOS circuits consist of 
bidirectional switching elements connected by bidirectional wires, with memory (considering the 
capacitive effects of the transistor gates as contributing to a wire’s memory.) Instead, the simulators 
become increasingly cumbersome and unreliable, because they only partially capture the behavior of the 
logic technology. 


1, SIMULOG introduces even greater inaccuracy by failing to differentiate between the undefined (x) 
level and the high-impedance (H) level. = 
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Using a gate model simulator requires both intuition about how the design is supposed to function. 
and detailed knowledge of the simulator implementation. The fase must explicitly Haan the logic 
gates, the signal directions through pass transistors, the loeations of busses, the sites of dynathic memory, 
and sometimes even the’ feedback ipathe, ‘Often the actual Jogit design must be transformed into one 
compatible with. the simulator which may ‘not display the exdet same behavior. ‘This transformation 
process not only decreases the level of confidence provided: by tiie ‘similatidn, it virtually eliminates the 
possibility of automatically generating the sitniilation ‘network from ‘some specification of the’ actual 
design. Uniess we restrict our attention to:a'limited elas of designs,“a very sophisticated program would 
be required to analyze the mask patterns for an MOS laybut and ebnivert this t0 a gate‘level description, 
performing the necessary transformations to -provide compatibility: with the simulator. Without’ this 
capability, a:fogic simulator: cannot'be used to help vertfy thé corretiness ofa layout: Gate-fevel logic 
simulators fit into the MOS LSI design process as shown in Figure 1.2. They provide ‘mainly’a 


verification of the high. level functional description ‘plus lintited Verification 'of the actual logic design. 


Fig. 1.2.. Role of Logic Gate Simulators in LSI Design — 


Network 
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1.2 Analog and Hybrid Simulators 


LSI designers have recognized the limitations of conventional Jogic simulators for modeling MOS 
circuits and have at times resorted to analog or hybrid simulators, Analog simulators treat the entire 
design as network of analog circuit elements and try to model the detailed waveform at every node over 
time. Simulators such as SPICE [30] and-even those which use faster (and more approximate) numerical 
techniques such as MOTIS [13] require very large amounts of computation.. Some: reports claim the 
amount of computation scales as the square of the network size {2].. Thus they are practical only for smail 
designs or for small sections of larger. designs. Analog simulators, however, are based on, a uniform and 
general abstract model and hence have been well received because.ef their consistenoy and accuracy. 
Furthermore, computer programs exist for deriving the simulation network automatically from the layeut. 
descriptions [2] 

The amount of computation can be reduced significantly by hybrid techaiques such as in SPLICE 
[31] in which some sections of the design are simulated as logic gates and others are simulated as analog 
circuits. Hybrid simulation works well as long as only small, isolated sections of the design need be 
simulated as analog circuits. Unfortunately, a human. must.decide which portions of the network can be 
modeled as logic gates, and which portions require analog simulation. Furthermore, trying to combine 
analog and logic models in a single program requires rather unsatisfactory approximations at the 
interfaces. For example, if an output of a section modeled as logic gates is to be interfaced to an input of 
a section modeled as an analog circuit, the program must convert the logic signal into a voltage waveform. 
This, of course, cannot be done with any accuracy, because much of the necessary information is lacking. 
The resultant outputs of the analog section must then be viewed with skepticism. Similarly, if the logic 
simulator were extended to include the X state, it could not be interfaced:o an analog simulator because 
this state docs not represent a single voltage. Unless great care is excrcised, a hybrid simulation could 


well provide the accuracy of a logic simulator at the speed of an analog simulator, rather than vice-versa. 
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For this reason, a human must monitor the simulation very carefully. 
1.3 Switch-Level Simulators 


_ an alternative to conventional Gn simula, ad author nes developed the simulator MOSSIM . 
[8, 9] specifically for the logical simulation of MOS LS. blebs MOSSIM the Boolean gate concept is 
discarded altogether and replaced with a logical model which closely matches the structure and eenayor 
of MOS circuits. A logic network consists of a set of nodes connected by a set of FET "switches". 
MOSSIM uses three logic levels: 0, 1, si X (iaachaea) There are nies types of ides 

1.  Inptit nodes provide a strong, externally generated signal (e.g, power lines, 
clock drivers, data inputs, etc.) 

2.  Pullup nodes are connected via a siti resistor sivas a high ieee They will 
generate a 1 signal'untess grounded. ‘The output’ of an nMOS togic gate is an 
example of a pullup node. 

3. Normal nodes cannot generate a signal Pure can n store a os. see dynamically. 

Only two types of network elements are allowed: P- type e and n-type ie transistors. A 
transistor is a ihilve node device which acts as a volagercontrotes’ am with no. sumed uueicn of 
signal flow as shown in Figure 1. 3. No distinction is made bene the paras "source" and ras 
When ie gate node of a transistor is in the X State, the switch status is unknown: it may be open, Sised: 


or somewhere between. The user interface of MOSSIM allows the user to describe the network in terms 


Fig. 1.3. The MOSSIM Transistor Model 


— p-type ee Gam n-type 
drain gate effect gate effect 
gate | 0 T open 
4 1 closed 
X unknown 


source xX unknown 
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of transistors, logic gates, wid user-defined macros, but these are all transtated into a transistor-level 
representation for the simulation. C. eee ee developed a switch-Jevel. simulater patterned. after 
MOSSIM [5] but differing in several respects, as is discussed at several pase in this thesis. Researchers 
at Caltech [34] also developed a switch-level MOS logic siaatstor but not to a degree of accuracy or 
generality required in a serious design tool. Researchers at other laboratories have developed their own 
switch- ‘evel simulators based on these earlier designs | ee 
Switch-level simulators can simulate almost the full range of circuit design available to the Mos 
designer without any pected logic levels or tc detied jogs cence Both logic gate ‘and oe. 
transistor combinational logic are simulated without difficulty, as are-both, state and: Gynamic memory. A 
wide variety of bus structures can be simulated fnciucting tri-state ; bine. precheeed eacees. etc. Most 
significantly, the. user acd not tell the simulator what type of logic srwcture Bienes, oly the actual 


physical structure of the design. 

Switch-level simulators have been tested ona wide vanity of MOS sess: ranging [ae eo 
isomework problems toa a LISP microprocessor chip cnisiia oe over 10, 000 transistors 3 BI They have 
proved remarkably genera and accurate, ‘correctly simulating logic design techniques which were act : 
even anticipated i in the simulator design. The confidence i in the dandelion rea is s cecatly enhanced ed by | 
he ft that the wer can ee an exact corespondence between the acu design ad the simulation 
network. Moreover, the simulation i is fast enough that entire designs: can 1 be sasiinted: For the LISP | 
microprocessor chip, MOSSIM requires between 5 and 12 sécosids of CPU time on a DEC20760 to 
simulate each clock cycle. The designers were able to fully test the system by sithaing 700 clock cycles. 
Bapencncs has shown that analencs pene uficovers = errors in the design. 

C. Baker " has written’ @ program which can take layouts specified i in the Caltech Intermediate 
Form [28] and oneine the equivalent ar a level network. Unlike a program which generates a logic 
gate description, this program needs no eel itaiGoa about iba ‘iain, ‘It need only look for 


electrical connectivity and transistors in the mask patterns. The simulation network for the LISP 
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microprocessor chip can be enced with 30 minutes of CPU time on a PDP 11/70. This technique has 
proved extremely valuable, uncovering errors both in the layout and the logic design. Furthermore, it 
saves the duplicative effort of entering the design by hand for the two different representations. 
Switch-level simulators can fit into the MOS LSI design cycle at several levels, being applied 


independently to the high level description, the actual design, and the layout, as shown in Figure 1.4. 
1.4 An Abstract Model for MOS LSI 


The generality and accuracy of switch-level simulators suggest that a formal model of MOS based 
on the switch-level concept can be developed. The uniformity and consistency of the switch-level 
approach are precisely those properties which make a concept amenable to a mathematical treatment. 
This model would serve not only as a basis for verifying the correctness of a logic simulator, but also as 
the foundation for new computer tools for MOS design. One need only look at the many advances made 
possible by Shannon’s development of logic models based on Boolean algebra [38, 39] to understand the 


value of abstract logic models. While the expected benefits of a MOS logic model are much more 


Fig. 1.4. Role of Switch-Level Simulation in LSI Design 
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modest, its utility could be suieane Unlike traditional switching theory which was developed to help 
humans analyze and synthesize networks containing small numbers of elements, we now want models 
which can form the basis of computer programs to be applied to networks containing thousands ‘of 
elements. This places more Soaphiass on n the general and uniformity of the model and the algorithmic 
complexity with which it can be implemented. _ - 

In this thesis, a formal switch-level model of MOS logic networks:is-deyeleped. The network model 
chnely resembles the network mode! of MOSSIM but generalizes it in several pe As with 
MOSSIM, a logic network consists of a set of nodes interconnected by a set of transistors. Unlike 
MOSSIM, however, only two types of nodes: input and anna are allowed. To model ratioed circuits, 
transistors may have different strengths, with : a stronger transistor (such as an inverter pulldown) being 
able | to Guede a . weaker one (such as a pullup load transistor. A third type of transistor, ‘ d-type (for 
depletion") i is tattocaced which is closed regardless of the gate signal This new ‘model more closely 
aches the actual structure of MOS networks, because i in MOS nears the ecidive sizes sof transistors . 
dctennine the logical behavior. The pullup node used in MOSSIM is isa ciuhe ad hoc: way y of soicechting 
this. The new model can also describe a wider saad of nereees sateae circuits which sed on 
multiple levels of ratioing. i i. ae 

In MOSSIM, each normal node is modeled as, shaving a capacitance of unknown value which can 
store a signal dynamically but dannot rive this. sgnal ‘onto another iin lfferent state 
Unfortunately this model cannot describe the behavior of many bus } Gesiene mn! which a p reiyely high 
cepactance bus node is connected ® a lower capacitance node (such as the sonore of a :3-transistor 
dynamic RAM cell) resulting in both nodes obtaihing bs nial state, 28. was Originally: on the bus. 
Our new switch-level model can model this effect by assigning each normal nodg a size, where the signal 
ona lap node wil predominale when onsicd oa salerade, = 


i 
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Our abstract model deste both the time and electrical behavior of a network in a highly 
idealized way. The time behavior is described by the ‘target state function giving the logic states which the 
normal nodes would reach for a particular set of input node, transistor, and initial normal node states. 
For designs containing no critical races, the logical behavior can be modeled by repeated application of 
the target state function. To model the electrical behavior, the target state is defined in terms of the set of 
steady state voltages in an "order of magnitude" electrical network, This class of networks models the 
conducting transistors by linear resistors, where the conductances of the resistors for different strength 
transistors differ by orders of magnitude. As a consequence, any path to an input node containing only 
transistors with strength greater than or equal to some value is modeled as overriding any path containing 
a transistor with strength less than this value. Similarly, the normal nodes are modeled by capacitors 
where the capacitances of the capacitors for different size nodes differ by orders of magnitude, “Asa 
resuit, the target states formed on a set of.nodes through charge.sharing depends only on the state(s) of 
the largest node(s) in the set. F urthermore, no attempt is made to accurately compute, the node voltages. 
Instead, they are classified into the three logic states 0, 1, and X. This model provides a simplified view of 
ratioed circuits and charge sharing which adequately describes the logical behavior of most MOS circuits. 

Although the target state is defined in terms of an electrical model, we. will find that the target state 
of an arbitrary, switch-level network can be computed without evaluating any. electrical networks.. Instead, 
by introducing an abstraction called logic signals, an iterative method, for computing the target state can 
be developed which uses only operations in a simple, discrete algebra. A_ logic signal provides a 
composite description of a switch-level network at some node. for.a particular set of nade and transistor 
States, much as a Thevenin network [15] provides a composite description of a linear network at some port 
for a Particular set of network parameters, However, whereas finding the Thevenin equivalent generally 
requires solving a set of simultaneous linear equations, finding the logic signal requires much less effort. . 
A simple set of rules describes the logic signals created by the input-and normal nodes in their initial 


states and the effects on a node of other nodes connected through’ conducting transistors. ~ With these 


| rules we can develop an asain expressing a set of constraints which must be satisfied by the signal for 
each normal node in terms of the initial node signal and the signals for input nodes and for other normal 
nodes connected through conducting transistors. It can then be shown that the minimum solution of this 
set of equations equals the set of logic signals describing the network at each nodé, and the set of steady 
logic states can easily be derived from this solution. Logic signals can be formalized into simple, discrete 
algebra with a domain corresponding to the signal values and operations describing the effects of the rules 
for logic signals. This algebra allows us to apply elementary concepts from abstract algebra and lattice 
theory to develop techniques for computing the target state. These techniques can be further developed 


into efficient simulation algorithms. 
15 Relation to Relay Networks 


The switch-level MOS model can be viewed as an extension of Shannon's relay network model [38, 
39]. The algebra of signal strengths introduced in Chapter 5 bears many similarities to Boolean algebra. 
As Shannon observed,’a relay can be viewed as a switch with conductance 1 when closed and 0 when 
open! The rules for connecting relays in series and in parallel and the methods of analyzing relay 
networks are special cases of those for transistor networks, 

_ MOS networks, however, have several characteristics which are not found in relay networks. First, 
relay networks are used as a current-driven logic, in which the logic state of a node is determined by the 
connection between the node and the current source. Thus a simple characterization of the connection to 
the signal source determines the state of a node. MOS networks, in contrast, are used as a voltage-driven 
logic, where the state of a node is determined by both its connection to the supply voltage and its 
connection to ground. One must characterize both the states of the signal sources and the connections to 


them to determine the state of a node. Furthermore, in a Voltage-driven logic erroneous behavior may 


1. Shannon actually described the state of a relay by its hindrance, the complement of its conductance, 
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result due to a short circuit peeneeA signal sources, and hence we also require the state X for logical 
completeness. Second, relay networks do not allow ratioing in which one closed switch can override. 
another. Thus, a Boolean characterization of a conductance path suffices. Third, relay networks can only 
store information in feedback paths, No modeling of dynamic memory or charge sharing is. needed. 
Finally, most theoretical work on relay networks was conducted before the widespread availability of 
digital computers. Thus, most techniques. were developed to aid the hand design of small circuits. The 
standards by which ideas are measured change greatly when they are to, be incorporated into 


computerized tools to aid the design of very large systems. 
1.6 Outline of Thesis 


In the next chapter, the details of how the switch-level model describes the structure and operation. 
of MOS networks is presenjed, By modeling the network structure at a transistor, level and by allowing 
transistors of different strengths and nodes of different sizes, this model covers a large variety, of MOS 
design techniques in. a way. which, closely, matches Bae, actnal lrcuit destans. The gwitch-leyel model.can 
be viewed as either a simplification of anaing uetwork modtets.or an. extensiqn of relay. network models; 
The time behavior of a network is described by the target state function, giving the logic states toward 
which the nodes are driven or charged given the current ‘ode and, transistor states. The value. of this 
function is defined in terms. of the steady state voltages. in, a linear. electrical network that models the 
transistor network. The logical behavior of many MOS networks is described by repeated applications of . 
their target state functions. In computing the target state, the transistors, are modeled with time-invariant 
elements, thereby simplifying the analysis considerably, 

In Chapters 3 and 4 the electrical circuit-oriented view of the target state function provided by the. 
definition given in Chapter 2 is transformed into a more abstract and. Jogical view. It is shown that the. 
target state can be defined in terms of the steady stafes of a set of logical conductance networks, where a 


logical conductance network represents a switch-level network in which each. transistor is either 
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nonconducting or fully sapittina: The concept of logic signals is then developed to express the 
behavior of logical conductance networks. With the logic signal abstraction we can derive an equation 
which gives the steady state of a logical conductance network, and consequently the target state of a 
switch-level network, which does not require evaluating any electrical networks, 

In Chapter 5, an algebra of logic signals is developed with operations describing the effects of a set 
of network transformations. This algebra allows us to apply ‘elementary concepts from abstract algebra 
and lattice theory to the study of switch-level networks, 

In Chapter 6 the mathematical formalism presented in Chapter 5 is used to derive a technique for 
computing the target state of a switch-level network. This development utilizes only. the logic signal 
abstraction as expressed by the algebra of Chapter 5 and two equations which are derived in Chapters 3 
and 4 from the analysis of the electrical model. Although we could arrive at the desired results more 
directly by utilizing additional properties of the electrical model. this approach dethonstrates the power of 
our abstract approach. — : | 

In Chapter 7, the abstract sotution technique of Chapter 6 is déveloped into an efficient algorithm 
for a switch-levet simulator. By exploiting the sparseness of the iietiork, the simulator requires at most 
linear time to simulate one clock cycle for almost all networks. This algorithm improves on previous 
switch-level simulation algorithms in several respects. Some performance’ data for MOSSIM is presented 
to demonstrate the perfortnance characteristics of switch-level simulation and how it compares to logic 

| In Chapter 8, the simplified timing mode! of MOSSIM is investigated more closely to see for what 
classes of systems it is valid. Possible methods of implementing logic simulators with other timing models 
are presented. In addition, a ternary simutation algorithm is developed which uses the X state to detect 
potential raccs in MOS networks. This algorithm is a straightforward extension of Brzozowski and Yoeli’s 
algorithm for logic gate networks [11]. Ternary simulation requires a much more accurate and efficient 


implementation of the X state than is required for functional simulation, bécause the X state will become 
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the most prevalent state in the network. The algorithm presented in Chapter 7 provides this accuracy.and 
efficiency. 
Finally, in Chapter 9 some ideas for further improvements of logic simulators and for future 


applications of the switch-level model are described. 
1.7 Notation 


In the remainder of this presentation, the following notational conventions are observed. Scalar 
values are denoted with lower case letters (e.g. a, b); vectors with boldface, lower case. letters (e.g. a, b);. 
and matrices with boldface, upper case letters (e.g. A, B). ; Mathematical domains, i.e. sets of values with . 
particular mathematical properties are denoted with script, upper case letters (e.g. A, B), while ordinary 
sets are written with italic, upper case letters (e.g. A, B). The extension ofa domain 9 to vectors of size n 


is denoted 3", and the extension to matrices with n rows.and m columns is denoted awe 


2. The Switch-Level Network Model 
2.1 Introduction 


In this chapter a model of the logical structure and operation of MOS networks will be presented. 
This model attempts to capture those aspects of an MOS circuit which affect its logical behavior, while - 
ignoring many of the detailed electrical properties. This network model extends the network model of 
MOSSIM but in a way which’prdvides a consistent level of abstraction. ‘Like MOSSIM the network can 
be ‘extracted directly from a specification of thé layout The time behavior of the network is also 
described in a simplified way by the target slate filnction: Given the current network state, this function 
yields the state toward which the nodes move without considering the rate at which these changes occur. 
This function bears a strong resemblance to the excitation function used in logic gate and relay models, It 
is assumed that the reader has a background in MOS logic design ‘comparable to that’ provided by Mead 


and Conway [28]. 
2.2 Network Structure 


A logic network contains a set of input nodes J = { ij,...,i,,}, a set of normal nodes 
N= {>,...,mq }, and a set of transistors T= { t,....4 }- 

Input nodes provide strong signals from sources external to the network, much like voltage-sources 
in electrical networks. Examples of input nodes include the supply (VDD) and ground (GND) 
connections as well as signals supplied through input pads. Normal nodes have states determined by the 
operation of the network. Each normal node n; has a size cap;, where cap; is an element in the set 
K = {xy,..., Kqt- A normal node can store charge to provide dynamic memory. The size of a node 


gives an approximate characterization of the amount of charge it can store, where sizes are ordered 
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When normal nodes are pee together they will share charge and settle in a state dependent only on 
the state(s) of the largest node(s). The values in K have no properties other than their ordering; they only 
indirectly represent actual physical capacitances. This model provides a simplified view of charge sharing 
which is valid for most actual circuit designs. The number of node sizes g depends on the kinds of MOS 
networks to be modeled. For most networks, g = 1 will suffice. For those networks which rely on a 
sharing of charge between a high capacitance node and a low capacitance node for their logical behavior, 
q must equal 2 or more. For example, Figure 2.1 shows a three-transistor dynamic RAM circuit which 
relies on the high capacitance of the bus (size ky) to override the charge on the storage node of the cell 


during a write and on the drain node of the storage transistor during a read. 


Fig. 2.1. Ratioless MOS Design 
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A transistor is a three terminal device as shown below. 


drain 
me 
source 
No distinction is nigie tees the source and drain connections. Associated with each transistor ¢ is a 
strength str;, where str; is in the set! = { y},..., Yp }. The strength of a transistor gives an approximate 


characterization of its conductance when turned-on, with strength values ordered 
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The strength values in I have no properties other than their ordering; they only indirectly represent 
actual conductances. The number of allowable strengths p depends on the kinds of networks to be 
modeled. For networks which do not rely on ratioed resistances such as CMOS designs, all transistors are 
of equal strength and p = 1. Most ratioed nMOS or pMOS designs can be modeled with p = 2, where 
pullup and pulldown loads have strength y, and all other transistors have strength y>. Some designs, 


including certain static RAM celts rely on multiple levels of ratioing and hence require a model with p 
wap! LOWS eeapeth: whe ad si : it 
equal to 3 or more. A transistor can be either n-type, p-type, or d-type. All act as voltage-controlled 


2 


switches as follows: 
n-type. p-type : d-type 
gate signal effect - gate signal —effett gate signal effect 
0 open | 0 “those 0 closed 
1 closed 1 Open Pic. tenes closed 
x unknown X unkhown ans x closed 


A d-type (for “depletion") transistor can serve as either a load resistor for a depletion mode nMOS logic 
gate, or a polysilicon-diffusion crossover such as is seen in some designs. When a transistor is in a 
"closed" state it provides a conductance between the source and drain nodes with value characterized by 


the transistor strength. When a transistor is in an “unknown” state it provides a conductance of unknown 


value between (inclusively) the ecauiee when “open” (ie. 0.0) and when "closed". This model 
provides a simplified view of ratioed circuits in which a connection through a stronger transistor will 
always override a connection through a weaker, as. will be defined more rigorously later in this chapter. - 
Examples of a variety of Mos circuits are shown in Figure 2.2, The first. three show common 
nMOS and CMOS logic gates. The fourth one shows, a forceable inverter which, when connected in a 


ring with another inverter, can statically store 1 bit. 


Fig. 2.2. Examples of MOS Networks 
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Transistors with diene less than 'p (calted weak transistors) are’ used in ratioed circuits, where a 
stronger transistor may override a weaker one. Generally these weak transistors are configured only in 
limited ways, such as pullup loads on logic gate outputs: At times we’ wifl want to exploit the 
characteristics of networks restricted in the use of weak ‘tratisistors to’ simplify the mathematical 

_ development or to improve the efficiency ‘of an aigdrithm: In particular, we define a restricted network 
follows: 


In a restricted network every transistor of strength less than Yp has either its 
source or drain connected to an input node. 


All of the circuits-in Figure 2.2 are restricted networks. ~An example of an unrestricted network is stiowii” 
in Figure 2.3. In this example the pass transistor is assigned a strength’; to iidicate that whien a sneak 
path forms through the “kill” and pats transistors with the invertef’input eefiial t0'0; the inverter output 
will go to X, Muy ees oee eee ro eee ene a eee es Aimos aectual MOS sei <a 02 
represented as restricted saul bechuge weak transistors are used almost tally as pullup (for 


nMOS) or pulldown (for pMOS) las, with ¢ gne side connected’ feet VoD or GND. Unrestricted 


networks seem plausible, however, 80, we ‘will develop results for this monger cise. We shall find 


that although unrestricted networks require a more complex mathematical Aesiclopment, their study will 
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provide much insight into networks containirig transistors with gate nodes in the X state. 
2.3 Network Representation 


The structure of a network is represented by the sets J, N, and T, the vectors cap and str (indicating 


the node sizes and transistor strengths), and the following functions: = ~~ 


TTYPE: T—{n,p,d} the transistor type 


GATE: | T+ IUN- “the gate'node 
SOURCE: T+IUN the source node 
DRAIN: T+1IIN © cae the drain‘node 


2.4 Logic States 


- Bach normal node n; has logic state y, € { 0,1.X }: In tétms of the actizal voltage v; at node 1: 


y=0 2 00g 
y= 1 => Vt<vi<Vag 


where V_ and V* are the logic thresholds’ Note that our logic modet makes no attempt to-accurately 
model these logic thresholds, and they are’ used here only to aid-our iniformal discussion. Each input node ° 
i, has-a logic state m Ef 0, 1, X } with the same interpretation. ‘Fhe vafues ‘0 and 1 correspond to the © 
Boolean logic tevels: The value X indicates either an unknown or undefined logic level. An unknown logic 
level arises when an ambiguity in the network condition prevents a unique determiration of a node’s logic: 
level, such as from uninitialized state variables. For example, when power is applied to a bistable device 
such as a Nor gate latch, the output will itis : valid, but unknown logic state. An unknown level 
corresponds to a voltage either below V or above vt. An sdemad logic level arises when the network 
operation creates a voltage which could lie between the two logic thresholds, such as due to a short circuit 
or improper charge sharing. Hence an undefined level Gerecpands ta ou which may be aaywhers 


between 0.0 and Vad: 


-%- 


These two concepts differ slightly in that an "unknown". value satisfies the Law of Excluded 
Middle, while an "undefined" value does not. For example, if y represents the state of an uninitialized 
bistable device, then y + “y = 1. On the other hand, if y represents the state of a node along a shorting 
path from VDD to GND, then y+ —y =X. Some circuit designs exploit the Law of Excluded Middle 
during the initial power-up sequence to assure that all feedback paths. will.be. initialized to valid logic 
levels. No known algorithm, however, can utilize information about “unknown” logic values in a 
completely general way, Servos by eammerating over all possible coeabieshions of Boolean values. Thus, 
to avoid an exponential algorithm, we shall not attempt to. distinguish between the, “uaknown” and 
“undefined” logic levels but instead use the single value X. | 

Each transistor 4 also has a logic state 2,€{ 0,1, %}, where 0 indicates “open”, 1 iadiciees 
“closed”, and X indicates “unknown”. Although transistor. states and node states are different physical 


phenomena, we will use the same mathematical objects to represent both. 
2.5 Network State 


At any instant in time. the state of a network is given by .the the: logic states of the input nodes 
x€{0,1,X}™) the states of the normal nodes _y € {0,1,X }", and the states of the. transistors 
z€{0, 1,X }*. Under stable conditions, the transistor states z are fanctions of the node states. Suppose, 


for example, that node m; is the gate node for transistor § (Le. a, = GATE(4)). Thea the: value of 2; is 


given by the following table 
TTYPE(4) 
yj a Pp d 
0 i] 1 1 
1 1 0 a 
x x xX 1 


A similar table would result if the gate node were an input node. The function trans (x, y) denotes the 


transistor state z resulting from the node states x and y. During the actual circuit operation, some time 
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may elapse between a change in node state and the resulting change in transistor state. Hence the total 


state of the network must include the transistor states as well as the node states. 
2.6 The Target State Function 


With the network in state (x, y, z) each normal node n, will move toward a target state Yj given by 


the function 
Yj = target (x, y, 2). 


The target state of a node equals the state the node would eventually reach if the input nodes were held 
fixed in state x, the transistors were held fixed in state z, and the normal nodes were initialized to state y. 
As shall be seen, the target state y is the steady state solution of a time invariant network with parameters 


x and z and initial conditions y. We can view target asa vector-valued function 


target (x y, 2). | (2.1) 


“<2 
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giving the target states for all normal nodes. The state y may never actually be reached, however, 
because the transistor states will change in response to the changing node states, and the input node states 
may be changed externally. The function target only describes a tendency in the network and not a 
definite reality. However, it provides a basic characterization of the logical behavior of a switch-level 
network. Much of the development of this thesis will be directed toward a mathematical formulation of 
the target state function. 


Define the function step, as 
step,(y) = target (x, y, trans (x, y)). (2.2) 


For a particular state of the input nodes step, gives the target states of the normal nodes as a function of 


their initial states, assuming the transistor states are functions of the initial node states. 
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During actual cgtiaiiie: the network may not move through the succession of states predicted. by 
the function step, due to éiadesag transistor states and. changing input conditions.. However, for a large 
class of networks, the ultimate behavior is equivalent to the behavior modeled by successive applications 
of the function step, as long as the input nodes remain unchanged. That i if a ene Cane initially 
have state y and the input nodes are held fixed in state..x, the network will eventually reach a state 


phase(x, y) defined 2s 
phasex.y) = | [im step,*(3) (23) 


where the superscript k indicates k applications of the. function step... Furthermore, the networks of 
interest will be guaranteed to stabilize after a bounded number of steps. Thus for some k< 0, 
step,X(y) = step,kt ly) = phasdx, y). Once the network arrives-at this state, it will remain. there until 
some input node is changed. This ignores the possibility that nodes may lose their charge due to leakage. 
With current technology, in which clock speeds are measured in megahertz while leakage times are 
measured in milliseconds, this assumption is appropriate. Examples of systems which can be modeled by 
repeated applications of step, include ccinbinstigial logic, any system free of critical races, and a variety 
of systems which can be modeled with unit delay logic elements. ‘The limitations of this assumption will 
be discussed in Chapter 8. | | 

For a large class of MOS systems an equation for the function larget will lead to a description of 
thie complete functional behavior of a network. In other words, the behaviot of a system can be modeled 
by repeatedly freezing the states of the nodes and transistors, computing the fave ciate for each Sbemal” 
node, and then updating the node and transistor states accordingly. This sechnique has ‘evo 


advantages over modeling the detailed voltage waveforms on each node. 
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Concepts similar to the mee state function have been applied to the. study of both relay networks 
and logic gate networks. The target state function describes the excitation of a switch-level network, i.e. 
the node states created in response. to the current: states.. Similarly, the excitation of a relay network is 
defined as the states which would. ae on the relay. coils if all .relay contacts: are held fixed in their 
Current states, while the. excitation of a logic gate-network is-defined as the outputs of the logic: gates as 
functions of their current inputs. In general, the excitation of any logic. network.can-be defined: as the 
logic states which would form on. the. nades. if all active elements (eg.. transistors, relays, or logic gates) 
were held fixed in.their current states, 

Huffman [22] first. recognized. the importance of the network: excitation as providing.a basic 
characterization of the dynamic behavior of a logic network, although he.expressed: it in the farm of a 
flow table-rather than a function. With this characterization,much ofthe physical. behavior is abstracted 
away, such as the rate at which the nodes move toward through ‘their excitations and: the-analog values 
through which they pass. While such a characterization cannot detect certain error conditions dependent 
on the detailed voltages or timing, i provides a-useful: level of abstraction. Although: logic states are 
formed in switch-level networks in.much different. ways: than in. logic gate or relay: networks, these three 


kinds of networks share much in common when viewed as systems computing ‘logical functions. 
2.7 Specification of the Target State 


For both relay and logic gate networks, the excitation function for a node can be defined with a set 
of Boolean functions in.a relatively suaightforward way. With Switch-level networks, on the other hand, a 
more complex formulation is required, because the logic elements are bidirectional, and because the state 
depends on the relative conductances of the pullup and pulldown paths acting on it or on the relative 
capacitances of nodes with which it may share charge. We will define the target state in terms of a linear 
electrical model called the “order of magnitude" model. With this model the concepts behind the 


switch-level model can be expressed in relatively conventional mathematical terms. In later chapters, a 


rather unconventional algebra is presented to express these concepts more directly and to allow the 
development of efficient simulation algorithms. The order of magnitude electrical model serves only-asa 
means by which these more abstract concepts can be motivated ahd derived: 

Order of magnitude: networks.contain voltage sources, resistors, ‘and capacitors where the resistor 
conductances and capacitor capacitances:are specified'as powers of a ratio’ parameter p. Transistors ii the 
| X state form conductances of unknown value bounded ‘by: powers’ of p;' and nodes in the X state: form 
‘unknown voltages. Hence, we must consider the set-of possible steady state! VoRapes foreach node in an 
order of magnitude network when the parameters and initial conditions ‘range-over sets-of values. The 
target state of a node in a switch-level network ®.defined intents of the set of possible steady state 
voltages on the corresponding tiode'in the order of magnitude network’ ay p is thade: very large; such that 
the conductances of different strength transistors’ in the 1 stite‘and the'capacitancés of different size 
nodes differ by orders of magnitude: This provides'a simplified’ view-of tatioed logic‘ and charge sharing 
in which only the dominating effects are considered. ; es 

The order of magnitude network corresponding to: a-switch-level! ‘network’ in a ‘particular state 
(x, y, 2) is constructed with elements shown in: Figure 2:4. -Each-input node i is modeled by a voltage 
source with negative terminal connected to GND and with: voltage “Ky where xy =00 if % = 0, 
x= Vaa if x = =< 4, and x; ranges over the set of voltages { v 1O0sv SV qa Hy = = %,  Sormel code 


ik where 


ni of size Ky is modeled by a capacitor with one side connected to GND and with cipacilinee ap 
a@ is an arbitrary positive constant. This capacitor is initiaHy charged to a voltage y; defined in terms of 
the logic state'y; in the same way x, is defined in terms of X;. ‘A transistor with strength yy and state 1 is 
modeled by a resistor of conductance ap where a is an arbitrary: positive constant. A transistor with 
strength y, and state X is modeled by a resistor with conductance ranging over the - set 
{9 |0.0<g<ap* }, where a is the same constant used when’ the transistor state is 1. The values of « 
can be different for different resistors and capacitors. It will be shown later that the values of these 


coefficients do not affect the value of the target state. 
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Fig. 2.4. The Order of Magnitude Network Model 
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For a particular value of p, the conductance parameters in an order of magnitude network can be 
described by two matrices G EC B"*" and EER" ™, where % denotes the set of real numbers. Each 
element 9ij of G equals the sum of all conductances between nodes n; and Nj, while each element ej of E 
equals the sum of all conductances between node n; and the voltage source corresponding to input node 
i: When the switch-level network contains transistors in the X state, these matrices may range over 
infinite sets: 

G™(p) < G 
E™(p) < E 


IA 


e™"(p) 
E™"(p) 


A 
IA 


with the restriction that G be symmetric. Note that the partial order < is defined between matrices in the 


usual way, Le. A< Bif Sia only if aij < bj for all i andj. The elements of 6™", G™", E™", and E™ are 
polynomial functions of p, and hence the elements of the conductance matrices G and E are bounded by 
polynomial functions of p, although they may take on arbitrary values within these ranges. With this 
formulation, we are assuming that transistors with the same gate node behave independently when that 
node is in the X state. This models the possibility that transistors may have slightly different threshold 
voltages, and hence when the gate node has a voltage close to one of the thresholds, the transistors may 
behave quite differently. Furthermore, as shall be shown in Chapter 3, this assumption allows us to look 
only at the minimum and maximum conductance values for each transistor when computing the target 
State. 

The remaining parameters of an order of magnitude network are described by a vector c(p) € Cs 
giving the capacitances corresponding to the normal nodes, and the vector x € { v | 0.0<v<Vaq ye 


giving the settings of the voltage sources corresponding to the input nodes. When the switch-level 


network contains input nodes in the X state, this vector may range over an infinite set 
xm cox < x™, 


where if x; = X, cn = 0.0 and aa = Vaq- The initial conditions of the order of magnitude network 
are described by the vector yE { v]0.0<v<Vqq }" giving the initial voltages on the capacitors 
corresponding to the normal nodes. When the switch-level network contains normal nodes initially in 


state X, this vector may range over an infinite set 
y’cy<sy™ 


Let v;(G, E, c(p), x, y) denote the steady state voltage on node Ni for the network with parameters 
G, E, c(p), and x, and initial conditions y. Since the network contains only passive, linear clements, this 
voltage must be unique. Furthermore, since the network contains no floating capacitors, all node voltages 


must lie between 0.0 and Vqq. When nodes or transistors in the X state are present in a switch-level 
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network, this voltage can range over a set V,(p) where 


Vo) = { v(G, E, c(p), x, y)IG= GT, G™()S6<6"%(p), E™"(p)SESE™(0), 
xting x<x™ aaa , 


This set is uniquely ened by the structure and state of the switch-level network, the constant 
coefficients a (which willbe seen to be unimportant), andthe ratio parameter p. 

The target state of a.node n;:is defined in terms:of the set V.(p)-as the ratio parameter p is made — 
very large. As this occurs, any conductance paths to-input nodes-formed by transistors-with state ‘t:and 


strength greater than or, equal to % will dominate Oves, pais Seen dk, tyansistors of strength less than 


¥,- Similarly, the aan on capacitances forined’ by ciciinil are of d dtze *k will coming over the 


t wpgdh tha? 


charge on aecinees formed by normal nodes of lesser si size. “to form a proper ee state wa e. 0 or 1), - 
there can be no conflict between the pullup and pulldown paths or r between the high and low charges. As” 
p is made very large V;(p) shduld approach either the'set £ a9 Honahd serd Vad If we take the limit as 
p approaches infinity, the set Vio) should converge to one of these © Emo “sgt , Phas, if we: define the set 


y. 


i as 


CO _ lim 
% p70 Vie), 


then the target state on node n; is defined as 


7 1, V° = fag ko on 
X, else. 


' In this formulation, the X State axiegs clther-efiua the set V;(p) converges to some value’ not om to 0.0 or 
Vag: indicating erroneous behavior dué to a short circuit or Soteopet ehatge sharing or + when the set 
V;(p) fails to converge to a single value, indicating an ambiguity. in the steady state. voltage caused by 


nodes or transistors in the X state. This definition of the target state.in terms of. a limiting process 


expresses in a mathematical way the concept that the switch-level model considers only the dominating 


effects acting on each node, aie through conductance paths formed by transistors in the 1 state to input 
nodes or by charge sharing between normal nodes. When the dominating effects conflict or when nodes 
or transistors in the X state create uncertainties, the ba os equals X. 

For example, Figure 25 shows a switch-level model of an nMOS Nor gate and the corresponding 
order of magnitude network. Let us see how the target states would be defined for.several sets of inputs. 
If iny = 1 and in = X, then g) = ay/, 95 = ap’, and 00<9,<a5p2, where a), a, and a3 are 


arbitrary positive constants. This gives a set of steady state voltages for node A; 


area = Satay . 
and therefore Ke = {0.0} and Ai, = 0. Now suppose that inj = 0 and inp = X. Then g) = ayp, 


= 00, and O0<93<aye?, This gives a set 
Vile). = {° partt ane ty 


and therefore V;> = { v}00<v<V4,}and j; = %. 


Fig. 2.5. Example of an Order of Magnitude Network 
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2.8 Relation to Actual Circuits 


We have defined the target state in terms of an electrical network model as the ratio between the 
conductances of different strength-transistors and between the capacitances of different size nodes is 
made very large. It then follows that the switch-level model would correctly describe an MOS circuit 
containing only transistors in which the length-width ratios differ by orders of niaguitide along with 
nodes with capacitances that also differ by orders of magnitude. | 

In designing actual MOS circuits, of course, one does not use transistors with length-width ratios 
which differ by orders of magnitude. lasead: the relative ‘aies of cransistots ene a conducting path 
from VDD to GND are set so that the node voltages will lie cictuly within the logic thresholds. 
Furthermore, transistors are sized according to their required speed, power, and driving capabilities. As a 
result, the pullup load in a clock ariver mae have much greater conductance than the pullip inven 
ordinary inverter, even though both perform the same clogcal function -- to piovide a 1 signal in the 
absence of a stronger 0 signal. “This transistor sizing ¢ can be see as an optimization of our order of 
magnitude model to improve the electrical characteristics while. retaining the.same logical behavior, In : 
almost all MOS circuits the logic value formed on a node os only on the Sees effects, 

| Similarly, node capacitances span a wide range ° of values, but the logical behavior i is affected by 
side sizes only in a few isolated locations, such as in precharged bus circuits. “Typiealy the large 
capacitance node (eg. the bus) greatly Sieesde de smaller capacitance node, and. ‘hence our onde of : 
magnitude model more nearly approximates the actual circuit in this case. Ve 

To model the logical behavior of a correctly designed MOS circuit we need only characterize 
transistor and node sizes according t to their logical function in the i ke This correctness can be tested 
prior to the simulation by a computer ‘program which gaa Hie conductance and capacitance 
parameters of the circuit against the proposed logic network. Thus the simulation model can assume that 


the circuit. is correctly designed in this respect aad take a more. abstract view of ratioed circuits and charge: 


sharing. 

Not all MOS digital circuits can be modeled by a switch-level network. For example, the 
switch-level model cannot describe circuits in which slight variations in voltages can represent different 
logic values, such as one-transistor dynamic RAM designs using sense amplifiers to detect these 
variations. Furthermore, our model can only describe the behavior of ratioed circuits or charge sharing 
inet there is a clear precedence between the different transistor conductances and between the different 
node capacitances. Other forms of MOS circuits can only be modeled with partial accuracy. For 
example, the switch-level model ignores the effects of floating capacitors in “bootstrapping” node 
voltages above Vad or below 0.0. This technique, however, is used primarily to overcome the saturation 
effects of the field-effect transistor, but our model ignores these effects anyhow. Thus a circuit which 
utilizes bootstrapping for this purpose can be simulated with a switch-level model, but the simulation will 
not check whether the bootstrapping actually occurs. Except for these limitations, switch-level networks 


provide an accurate and simple way to describe the behavior of MOS logic circuits. 
2.9 Comparison to Other Switch-Level Models 


The logic networks allowed by the simulator MOSSIM [8] can be described in the model using only 
one node size (q = 1) and two transistor strengths (p = 2). Input and normal nodes in MOSSIM 


networks are modeled as input and normal nodes, while pullup nodes are modeled by one of the 


d 
+ Y1 Bs YI 
nj ai 


The new model corresponds more closely to the actual circuit implementation, because transistors of 


following circuits: 


different sizes define the sehavior of ratioed circuits. The pullup node of MOSSIM provides a rather 
inelegant model of this and also me generality. All transistors in-a MOSSIM network are-modeled by 
transistors of strength y>. A MOSSIM network always corresponds to.a restricted network in the.new 
model. | 

The logic networks allowed by C. Terman’s.switch-level simulator {5} are-for the most part ideatical 
to MOSSIM networks. A more general model of charge sharing is allowed, however, in which each 
normal ae a real-valued. capacitance. This technique is applied when. a set of normal nodes. is 
interconnccted only by transistors in the 1 state, none are,connected.te iaput nodes, and none are in the X 
state. In such a case, the program sums the. capacitances of those nodes in state 1 as well as the - 
capacitances of nodes in state 0. If one sum exceeds the other by at least.a factor of.3, the nodes are,all set, 
to the corresponding state, and otherwise they are set.to X. No attempt is made to perform this: 
calculation when transistors or nodes in the X state are present: Instead, the nodes are all set to X. 

At first this approach might seem superior to our model. of charge sharing in which nodes are 
assigned a size in the set K and the value on a larger node always.overrides the value on a smaller. Using . 
real-valued capacitances more closely matches the actual-electrical behavior and utilizes only information. 
easily calculated from the layout:specification. However, it seems as if transistors inthe X state cannot be- 
dealt with in a consistent. way..with this model. Terman has chosep not. to simulate the effects of 
transistors in the X state with aca accuracy. Instead, nodes are sometimes set to X even when they would 
have state 0 or 1 regardless of the conductances of transistors in the X state. For Cee - a high 
capectanee node in in sate 0 oe connected to a low eae sae ti in state 1 bya a cantor in 1 state x, 


both nodes are set to X even though the high capacitance node would remain in state 0 even if it shared 


charge with the other node. 
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Suppose that we weit to utilize real-valued capacitances in our logic model but tried to provide a 
more accurate model of transistors in the X state. That is, a node would be set to 0 or 1 if it has this 
unique state regardless of the conductances of transistors in state X, and otherwise it would be set to X. 
Consider, for example, the network shown in Figure 2.7 containing a set of nodes of increasing 
capacitance connected by transistors in the X state. Suppose initiafly that node mj is set to 1 and all others 
are set to 0. With this model, the target states of nodes n, and n, equal X, because these nodes would 
have undefined states if only they share charge: Nodes ny and mg, on the other hand, would have target 
states 0, because no setting of the transistor conductances could cause-them to be charged above the logic 
threshold. We have defined the target state as the steady state sofution ofthe network, and hence when 
the nodes are set to their target states, the network should remain stable uatil-a transistor or input node 
changes state. if we set nodes n; and My to X, however, the target state of node 1 will become X, because 
by our naive approach, we must consider the case in which the X states on nodes my and 1, actually 
represent high voltages, and these nodes share charge with just 3. Hence, the original target state is not a 
true steady state solution. Similarly, if we set node ny to its new target state, the target state of node ay 
becomes X, indicating that the previous target state was also not stable. In the final steady state solution, 
the initial charge on node ny has created an undefined state on a node with 30 times greater capacitance. 


Thus, this model of charge sharing yields unstable solutions and also lacks accuracy. 


E 
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More sophisticated appieuhes could be devised such as storing the range of possible voltages for 
each node, but for any scheme there seems always to be a circuit which would be modeled incorrectly. 
The problem occurs because we are trying to combine exact electrical concepts such as real-valued 
capacitance with abstract logical concepts such as the X state for both nodes and transistors. With the 
logic model mapping many possible conditions of the electrical network into the state X, it cannot model 
behavior which depends on detailed electrical properties with sufficient accuracy or consistency. By 
adopting a more absolute view of charge sharing in which a larger node can always override a smaller, we 
obtain a more uniform level of abstraction leading to a more consistent modeling. Of course to describe a 
design in terms of our logical model the process translating the electrical design into the logic model must 
decide how the design should be viewed logically. For the network shown in Figure 2.7 this would 
require some rather unsatisfying decisions. In fact this network really should be modeled as an analog 
circuit, because its behavior depends too much on exact electrical properties. 

This aspect of the logic model design indicates a fundamental trade-off with abstractness and 
consistency on one hand and a desire to combine concepts from several different models on the other. 
Since we are concerned at the moment with developing the mathematical aspects of the switch-level 
model, the more consistent and abstract approach will be chosen. For other applications, a different 


choice may be appropriate. 
2.10 Derivation of the Switch-Level Network 


Switch-level simulators have proved quite successful in simulating networks extracted by a 
computer program directly from a description of the mask layouts. The combination of network 


extraction and simulation provides an important check of a design. 


For networks which o be expressed in the MOSSIM network model, this layout extraction is 
relatively straightforward. The program need only follow the electrical connectivity in the network and 
find the transistors and their types. A simple set of rules allow one to translate this node and transistor 
description into a MOSSIM network. For example, in depletion load nMOS technology, any depletion 
mode transistor with VDD as the drain node can be assumed to be a pullup load, while all other 
transistors are generally strong transistors. If the extraction program also calculates the lengths and 
widths of the transistors, it can verify that the ratioed circuit will operate correctly by determining 
whether the highest resistance pulldown path can override the lowest resistance pullup path for nodes 
which have independent pullup and pulldown paths. If these worst case conditions are not satisfied, a 
warning message can be issued. By performing these static checks of the circuits, we avoid the need to” 
check the pulfup and pulldown ratios dynamically as the simulation proceeds. . 

As we generalize the switch-level model to include multiple levels of ratioing, charge sharing, and 
arbitrary use of weak transistors, the layout extraction becomes more difficult. The extraction program 
can calculate transistor resistances and node capacitances without great difficulty, but no general rule can 
take these parameters and assign transistor strengths and node sizes. For example, recognizing that the 
forceable inverter shown in Figure 2.2 requires three different transistor strengths would require a much 
more sophisticated algorithm than our rule for finding the MOSSIM network. Similarly, identifying — 
which nodes will be sources of signals during charge sharing and, Which. will _be recipients cannat always ‘ 
be done with complete accuracy. 

If we tailor the layout extraction program toward a particular Class of designs and not try to utilize 
the full generality allowed by the‘ model presented here, the extraction can be madé reasonably 
straightforward and reliable. For example, circuits using more than two transistor strengths are relatively 
rare and even then appear only in limited configurations. The extraction program can look just for these 
configurations and for other portions of the design apply simple rules such as those used in deriving the 


MOSSIM network. Similarly, a bus node can usually be identified by its large capacitance relative to the 
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nodes with which it may share deci Such nodes can be assigned size x» and all others size «4 for most 
cases. Thus, layout extraction should still work well for this more general switch-level model. 

One can see the advantage of Terman’s model from the standpoint of layout extraction, where the 
relation between the physical Sapaainnces and the logical behavior is computed dynamically as the.need 
arises. Similarly, a program could compute the relative conductances of the pullup and pulldown paths 
dynamically to model ratioed circuits in a very direct way, although this is more difficult than computing 
the relative capacitances in charge sharing. For some applications, one may be willing to sacrifice the 
accuracy and consistency with which the X state is modeled to gain this direct correspondence between 


the electrical parameters and the simulation model. 
2.11 Summary 


The switch-level model provides three major simplifications over more. detailed analog circuit _ 


models: 


1. Timing is not modeled in great detail. Instead: the dynamic behavior of a 
network is modeled by a sequence of target states, where each target state. 
represents the steady state solution of a time-invariant network. 


_ States 0 and 1 arise during proper.network operation and. the state .. x arises. 4 
from an ambiguity in the network or from erroneous ‘operation. 


3. The effects SE raped ingle and charms chang are maodeled in a simplified way | - 
as if the conductances formed by transistors of different strength and the 


capacitances of nodes of different size differ by, opdegs: of ide, This, : 
assumes the circuit correctly obeys the ratio rules and hence xact voltages 


- need not be computed during the simulation. 
These Acuanptions ed to a uniform and cnaeeen. View of MOS logic deagea which only thiees 
aspects which determine the logical behavior during aerial cuetdice are considered. Ashas been seen, 
these assumptions lie in a very delicate balance. If we 2 try to introduce greater accuracy in one area, such 


as incorporating real-valued node capacitances, ¥ we can tose consistency in another, 
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3. Logical Conductance Networks 
3.1 Introduction 


As was discussed in Chapter 2, the target state function provides a basic characterization of the 
dynamic behavior of a switch-level network. The value of this function was defined in terms of the set of 
possible steady state voltages for each node in a linear’ electrical network in the limit as the ratio 
parameter p approaches infinity. This definition helps clarify the relation between the switch-level model 
and MOS logic circuits but provides little aid in devising efficient simulation algorithms. In this chapter 
we start a transition from a circuit-oriented view of the switch-level model to a more abstract and logical 
view. A new form of network is introduced called logical conductance networks to focus attention on a. 
key aspect of computing the target state. A logical conductance network cones a switch-level 
sctirig. “The node states have values 0, 1, 


network with each transistor either nonconducting or fully co 
and X, but unlike switch-level networks, the network elements are “logical” conductances which can take 


on values from a small discrete set. The target state of a switch-level network can be defined in terms of 


the steady states of a set of logical conthictance networks. “The Steady’ ate of a logical conductance 


network is in tun defined in terms of the limiting case steady state voltages in an order of magnitude 


3.2 Properties of the Electrical Mode! 


We have defined the target state in terms of a Class of linear time-invariant electrical networks 
containing voltage sources, capacitors with one side connected to ground, and linear resistors. The 
settings of the voltage sources are given by the vector x, the capacitances are given by the vector ¢, and 


are defined by the vector y, giving the initial voltages on the capacitors. The nodes in this network 


- 47+ 


correspond to both the normal is and input nodes in the switch-level network. Some properties of 
these networks will be given here. Formal derivations of these properties are given in books on electrical 
network theory such as Desoer and Kuh [15]. They rely only on Kirchoffs’ Current and Voltage Laws 
and on Ohm’s Law. . | | 
In a linear network containing only passive, linear, time-invariant resistors and capacitors, any node 
connected by some conducting path to a voltage sourcé (which has its negative terminal connected to 
GND) will have a steady state voltage uniquely determined by the voltage aise settings and the resistor 
conductances. Such nodes are said to be driven. When node ni is driven, its steady state voltage is a linear 


function of the voltage source settings x: 


m 
Vv; = £ a. Xs. 
1 yo) 
j=l 
The coefficients aj; depend only on the resistor conductances and obey the following properties: 


m 


2 aij = 10. 


These properties follow from the fact that for any possible set of voltage source settings given by the 
vector X, v; is bounded below and above by the minimum and maximum elements of x, respectively. 
That is, if aij were negative for some value of j, then an out-of range voltage would be obtained by setting 
xj toa positive value and all other voltage sources to 0.0. Similarly, if the coefficients did not sum to 10, 
then an out-of-range voltage would be obtained by setting all voltage sourves to the same nonzero value. 
Nodes which have no conducting paths to voltage sources are said to be charged. Since every node 
has a nonzero capacitance and the network contains no floating capacitors, the steady: state voltage of a 
charged node will be uniquely determined by the node capacitances, the resistor conductances (only 


whether each conductance is zero or nonzero), and the initial node voltages. When n; is charged, its 


steady state voltage is.a linear function of the initial node voltages y: 


n 


Vi = = bi ¥j- 


j=l 
The coefficients bij depend only on the resistor conductance and node capacitances and obey. the 
following properties: 


These properties follow from the fact that for any possible set of initial node voltages y, the steady state 


voltage on any charged node is bounded below and above by the minimum and maximum elements of y, 


respectively. 

A node is either charged or driven — steady state voltage, and therefore if we adopt the 
convention that aj = 0.0 for all j when ni is charged and: bij = 0.0 for all j when 7; is driven, the two 
modes can be described by a single equation: — 

mo. «A 
vi = Zax + = bd. Yj: (3.1) 


i ij i 
j=l 4 1" 


The coefficients obey the following properties: 


= 0.0, for alliandj 
b; > 0.0, for all i and j 


m n 

z aij + = bij —_ 1.0, for all i 
jel” js" 

m Dn 

>> aij - =z bi = 0.0, for all i. 
j=l j=l 


We will also be interested in networks where the elements of £, G, andé:c are-given by continuous 
functions of the parameter p. In this case the coefficients aj; and by will be :given by continuous 
functions of p. For any positive value of p, the network described by the conductance matrices G(p) and 


E(p) and the capacitance vector c(p) will be a passive, linear network: with no floating capacitors, and 
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therefore the properties of the coefficients listed above must hold for all p > 0.0. Fherefore, if we define 


00 00 
ajj and bj as the values 
fora) 
aij = aji(p) 
oO _ 
b= bi(p) 
then 
a wae . a,x, + 5 bj? yj 
ae j= “jel 


and the coefficients aj and b i obey the following properties: 


ay > 00, foralliandj 
by > 0.0, for alliandj 
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These properties show that the limits used in. the. definition of the target state are mathematically 


well-defined. 
3.3 Simplification of the Target State Definition — 


When a switch-level network contains transistors or nodes in the X state, the target state of a node is 
defined i in terms of the set of possible steady state voltages for the node in an electrical pee as the | 
network parameters and initial conditions are varied over “uncountably infinite sets. Fortunately, we ea 
not evaluate all of these possibilities, because we only wish to know whether each set of voltages 
converges either to the set { 0.0} or the set tf Vad } as p approaches infinity. If it can be determined that 


such a convergence does not occur, the target state is X. Thus we need not find the entire set of steady 


state voltages for all possible network parameters and initial’ conditions for each node, but only certain 


properties about this set. 
3.3.1 Node Voltages 


First, let us consider the effects of having the voltage sources. range over the settings x™*-<x<x"™" 


and the initial node voltages range over y™"<y<y™. Let the vectors x’ and y’ be any vectors satisfying 


the following requirements: 
x™<Sx'<x™", and x™: 4 a_i => x CC (3.2) 


y<y'<y™, and y™ Ay) = <<"; (3.3) 


The following theorem shows that we need only evaluate the network for this single set of voltages. 


Theorem 3.1. 
For any conductance matrices & and £ and capacitance vector c, if 

Vi = (VfGE 0.x, yx Sac™, yyy} 
thea 


V, = {Vqq} ifandonlyif v{6,E,¢,x.y) = Vag 


V, = {00} ifandonlyif v{G,E.c,x',y) = 00 


for any x’ and y’ satisfying equations 3.2 and 3.3. _ 


Proof of Theorem 3.1: 

We have already seen that the voltage v; is given by a linear function of the elements of x and y as 
shown in equation 3.1, including in the limit as p approaches infinity. Furthermore, ail coefficients are 
nonnegative and sum to 1.0. Clearly, Vj equals Vad if and only if x= Vaa for all j such that a; > 0, 
and yj = Vaq for all j such that bij > 0.0. Therefore, Since Xj equals Vad if and only if 


xm = x, = Vag and similarly for yp v;(6, E, c, x, y’) equais Vad if and only if v,(G, E, c, x, y) 
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equals V4 for all x such that x™"<x<x™ and y such that y""<y<y™. The proof for V; = { 0.0} 
follows identically. 

This theorem shows that even though the voltage formed by an input or normal node in the X state 
can range over an entire set of values { v | 0.0<v<Vaq }, we need only evaluate networks with this node 
having a unique voltage v such that 0.0< v < Vad: This single value can be used to test the sensitivity of 
nodes in the network to this X state, where sensitivity is indicated by the values of the coefficients aij and 
bj. Thus we can simplify the definition of the target state from one in terms of entire sets of voltage 
parameters and initial conditions to one in terms of a single set x’ and y’. Furthermore, the exact values 


of the voltages are unimportant, only whether they equal 0.0, Vaa> oF lie between (exclusively) 0.0 and 
Vad: 
3.3.2 Conductance Matrices 


When the switch-level network contains transistors in the X state, the target state is defined in terms 
of the steady state node voltages as the conductance matrices range over infinite sets, G™"<G<G™ and 
e™"<E<E™*. Furthermore, while the elements of G™", G™, E™", and E™* are functions of p, this 
property does not hold for all matrices in the set, which makes it difficult to establish the limiting case 
voltages. Observe, however, that rather than finding the entire set V;(p) for each node, if we could 
determine the minimum and maximum elements of the set, we would have sufficient information to find 
the target state. The following lemma demonstrates an important property of electrical networks as the 


resistors vary between their minimum and maximum values. 


Lemma 3.1. 
Suppose a passive, linear, time-invariant network contains a single variable resistor with conductance h. 
If v;(h) denotes the steady state voltage on node ni; as a function of h, then for any h, h™, and h™ such 


that 0.0 < h™<h<h™, either 
v(h™) << v(h) < vi{h™*) 


v(h™) < vn) < v(n™). 


Proof of Lemma 3.1: 

First, suppose that node n; is charged when h = 0.0, i.e. there is no conducting path from n, toa 
voltage source. Then for nonzero h, ni; could be connected to more charged nodes than when h = 0.0, or 
a conductance path could exist from a voltage source to n, and hence ny; is driven. Thus, there can be a, 

discontinuity in vj asa function of h ath = 0.0. For nonzero values of h, the steady state current through 
| this resistor must equal 0.0, because this resistor is not contained in any 10dp in the network. As a result, 
the value of h can have no effect on the steady state voltages, and v; must remain constant for any h > 0.0. 
Therefore, either h = h™ = 6.0.and v,(h™*) =-v,(h), or h > 0.0 and v,(h) =v,(h"™). 

The more difficult case occurs when node n is driven fot all values of h, ie. there is always a 
conducting path to a voltage source. In Appendix I an equation ts derived for the node voltage v; as 4 


function of h by an analysis of mutti-port networks. This equation has the form 
vi(h) = v;(0.0) + TEST) (3.4) 


where b is nonnegative. This equation indicates that v; is approximately linear with respect to h for small 
' h but approaches a constant asymptote as h becomes very large. Taking the derivative with respect to h 
gives 


i rns tee 
dh (1.0 + b hy? 
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which equals 0.0 only in the trivial case where a = 0.0. Therefore v; has no minimum or maximum 
between h =-h™" and h = h™ unless it is a constant function, and one of the two inequalities must hold. 
| 

With this lemma we can dca the minimum and maximum steady state voltages for. each node 


can be determined by considering only’ the: minimwm and maxitnumi: conductance’ values fot each 


transistor. 
Theorem 3.2, 
Let E and G be the following sets of Ss matrices: 
aoe (Blox = = 4 mo a eA = Oyj }- 
If | | 
Vi = (v{(G.E.c,x.y)[E*SESE™, @™<6<6™, 6 = 6"}, 
and 
= {v(GE,cxyteE & GE G}, 
then 


minimum V;, = . minimum V;.. (3.5) 


maximum V; = maximum V;’. (3.6) 


Proof of Theorem 3.2: 

Suppose some pair of conductance matrices 6 and E give a minimum value for v;(6, E, c, x, y). 
For any element of G such that oy ik < 9c < ok Lemma 3.1 shows that we could set 9jx to one of the" 
values ok or os without affecting v;, or else v; would not-have been a minimum value originally. 
This process can be repeated for all such Gj, watil we have a matrix GEG such that 
v.(6, E, c, x, y) = v,(G',E,¢, x,y). A similar process would find a matrix £'€ E such that 
v(G, E, c, x, y) = v6’, E’, c, x, y), and therefore equation 3.5 must hold. A similar technique proves 
equation 3.6. # 

This theorem shows that although traasistors in the X ‘tie ning kei arbitrary conductances 
within some range, we can find the minimum and maximum node voltages by considering each transistor 
to be either nonconducting or fully conducting. In general, however, we must enumerate over all 
combinations of these two possibilities for all transistors in the X state, because the steady state voltage on 
a node can be minimized or maxiinived with some triasittors nodcoaducting'nd others fully conducting. 
Furthermore, the voltages on different nodes can be minimized or maximized under different conditions. 
Thus, unlike the node voltages, we must still evaluate. the network for a pumber of sets of conductance 
parameters, but this evaluation is now finite. Later we will show that the target state can be computed by 
a more direct method. Note also that this proof assumes that the variable conductance parameters are 
independent of one another, which stems from our original assumption that transistors with the same gate 


node will behave independently when that node is in the X state. 
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3.3.3 Revised Definition of the Target State 


The results of Theorems 3.1 and 3.2 can be summarized by giving a new, but equivalent definition 


of the target state. Let x’ and y’ be any vectors satisfying equations 3.2 and 3.3 and define the sets E(p) 


and G(p) as 
Ep) = {E| Pik = e™", (0) or Sik = e™ (0) (3.7) 
Gp) = {G| Qjx = gx(0) OF ix = gn jx(P), and Qik = 9kj }. (3.8) 


For any node n;, let V;'(p) denote the set 


V;(p) = ‘ v;(G, E, c(p), x’, y) | E E E(p), G € G(p) }. 


The matrices in the sets E(p) and G(p) have elements which are continuous functions of p. Therefore, we 


can take the limit of this set of possible steady state voltages as p approaches infinity to get the set 


100 lim ' 
V; Zs — 00 ; (p) 
The target state y; is then given as: 
Z 0, V;° = {0.0} (3.9) 
yj = 1, yi = {Vaq} 
X, else. 


3.4 Rational Functions 


In the formulation of the order of magnitude network model given in Chapter 2, a fully conducting 


k Similarly a normal node of 


transistor of strength y, is modeled by a linear resistor of conductance ap 
size Ky is modeled by a linear capacitor of capacitance ap. In both cases, a is an arbitrary positive 


constant and can be different for different capacitors and resistors. Let us generalize this definition to 


model a fully conducting transistor of strength y, with a resistor of conductance g(p) where g is an 


arbitrary rational function of degree k such that g(p) > 0.0 for all p > 0.0. That is, g can be expressed by 


an equation of the form 


g(e) = we 
where N and D are both polynomial functions of p, and if N has degree n and D has degree d, then 
k =n — d. Similarly, will model a normal node of size x, by a capacitor of capacitance c(p) where c 
is an arbitrary rational uneron cl eae aan that a ec lias ate 
Observe that this generalization has no effect on our definition of the target state, because any 


rational function a of degree k can be expressed in the form 
a(p) = apX + b(p), 


where a is a constant and b(p) is a rational function of degree less than or equal to k—1. Therefore, for 


any ¢ > 0.0, there exists a constant pp such that 
(a—e)pX < a(p) < (ate)pX, forall p> py 


A rational function of degree k behaves like the function ap* as p eceais age This ocnedsibeatiis 
will assist our mathematical development, because the dpmain of rational functions has many of the 
properties of the domain of real aabeate they both fokm fields [27]. We can use expressions such as 
“a+b” to denote "the sities of p which gives the value a(p)+b(p)” and assume that the + operation 
in this expression satisfies the usual properties of addition. We can also repltee ‘an interbontnection of 
resistors by a single equivalent resistor in the order of cag tends model much as one can replace an 
interconnection of resistors having real-valued sinductonces by an equivalent resistor in ordinary 


electrical networks. 
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The degree of a rational function a can alse be defined as. the maximum value k such that 


poe ae ~ 00 


This function generalizes the usual idea of the degree of a polynomial function. Observe that 
deg(0.0) = — 00, All other functions used here have Sica arpa For any rational function a, 


we will use the notation ac to denote the ‘allie 


co _ slim ete 
a = goon 


This notation will only be used when deg(a) < 0, and hence the limit is well-defined: © 
Let us define the domain F as the set ata: of the constant heen % 0 paloag with all rational 


functions a such that a(p) > 0.0 for all p > 0. 0. We will deal main with onal functions i in ne domain. 


Ifa, b ES then | | 
dega +b) = max(deg(a), degb)) G10) 

deg(a-b) = deg(a) + deb) ~~ “Gab 

def1.0/a) = —dega) = © : » *G.22) 

dega —b) < max(degta),degd)). , G13) 


Note that when functions are subtracted, only a weak statement.cap be made about the degree of the 
resulting function, and furthermore $ is not closed under this operation... , 
_ As a final notation, regarding rational functions, define the equivalence relation ~ on rational 


functions as 
a~b ifand only if deg{a) = deg{b). 


The relations < and >> are defined as 


a<b_ ifand only if deg(a)< deg(b) 
a>pb ifandonly if dega) > deg{b). 


These relations are extended to vectors and matrices in the usual way, e.g. @ ~ b if and only if a; ~ b; 
for all i. These relations characterize the limit of an expression which is often encountered in equations 
for node voltages in ratioed circuits. For any a, b € ¥: 

10, ad>b 4 (3.14) 


00, agp 
-% and 


lim __afp) 
p+ @ a(p)+b(p) — 


where a is a constant such that 0.0< a < 1.0. 
3.5 Equivalent Networks 


We are only interested in the steady state behavior of « order of magnitude networks as p approaches 
infinity, and even then we need only a partial shaiaderiation of the node voiages. Thus many of the 
uptalls of the electrical network can be ignored. This idea of ignoring certain details c can a be expressed i in 
mathematical terms by defining equivalence relations such that networks which differ only in 
pnimportant respects are equivalent | | _ 

' The equivalence relation =~ is defined on elements of the set { v [0.0<v<Vqy} asv~v’' if 
viv’ or if 00<v< Vag and 0.0< v’< Vad This relation defines three equivalence classes: { 0.0 }, 


{ Vgq} and { v]0.0<v < Vgq 3, which correspond closely to the lopic ‘stiites 0, 1, and X. This relation is 


extended to vectors in the usual way, Le. V~ v’ if v; =~ v'; for all L ‘The folowing lemma expresses the 
fact that the exact voltages on the tlodes in the order of magnitude thodet are ‘uriimportant, only whether 


they equal 0.0, V4,,, or lie between (exclusively) 0.0 and Vga. 
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Lemma 3.2. 
For any conductance matrices G and E and capacitance vector ¢, if x ~~ x’ and y ~ y’, then 


v(G, E,c, x,y) ~ v(G,E,c, x’, y’. (3.15) 


The proof of this lemma closely follows the proof of Theorem 3.1. Let v denote the steady state node 
voltages for the vectors x and y, and v’ denote the steady state node voltages for the vectors x’ and y’. 
Referring to equation 3.1, v; equals Vag if and only if x)= Vad for all j such that aij > 0.0 and yj = Vdd 
for all j such that bij > 0.0. Therefore, since xj (or y) equals Vqq if and only if xj (or y}) equals V a4, Vi 
equals Vad if and only if vi equals Vad: Similarly, vi equals 0.0 if and only if Vi equals 0.0, and by a 
process of elimination 0.0< v'; < Vqq if and only if 0.0<v;<Vgq. I 

We can also show that if the coefficients of the conductance and capacitance parameters in an order 
of magnitude network are varied, the steady state voltages will be equivalent under ~ as p approaches 


infinity. 


Lemma 3.3. 
Suppose an order of magnitude network contains a single variable resistor with conductance nek. if 
vile, 7) denotes the steady state voltage on node n, as a function of p and 7, then for any constants 


Ny 17> 0.0 
lim viony) = i  viip, my). 
— 00 p70 

Proof of Lemma 3.3: 

We have already seen that for a particular (positive) value of p, if n; is charged when q = 0.0, its 
steady state voltage will be the same for any positive value of y, and therefore vi(p, 1) = vj(p, 2) 
including in the limit as p approaches infinity. If nj; is driven for y = 0.0, then equation 3.4 can be 
applied to order of magnitude networks to give 


a(p) - npk 


_—_——.. 3.16 
1.0 + b(p)+ npk oo 


vi(p,n) = v;(p, 0.0) + 


-@- 
In the derivation of this equation in Appendix I it is also shown that b(p) > 0.0 for all p and that 
deg(a) < deg(b)< 0. Define v;~(y) as 
00 _  ilim 
vy, &) = sive vilp. 9) 
and consider the following three cases. 
L deg(b) < —k. 
00,., _ lim 
vy; () = pees vip, 0.0), 
which is independent of 9. 
2. deg{b) > —k. 
re lim af) 
‘i () p+ vie, 00) : —+ 00 b(p) 
which is also independent of ». 
3. degib) = —k. 


2 - lim ——a 4, 
vi (4) ary p00 iP) + THe RG: 


where . 
hm gt - 

oO pc PP 

— tm wk 

B= p00 OP - 


In this case the voltage depends on the value of ». The derivative of this function with respect to 4 is 
given by: 
vi) og 
a 10+ By 


which equals 0.0 only if « = 0.0, in which case v,~(q) is a constant function. We know that 
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0.0<v; -mn<Vag for all values of 7, and therefore if v Map = 0.0 (or Vad) for some value 9), then 


dv; | 
dy Jq=1y 


in which case v;°°(y) is a constant function. 


= 0.0, 


Combining these three cases, we can see that. v;¢ y) must ct elther be a constant function or else 
0.0<v; HN) < Vag for all 4 >0.0. Therefore, the possible values. of v;°° (9). for positive » must be 


equivalent under ~~.8 


Lemma 3.4, a 

Suppose an order of magnitude seiwork contains idle variable capacitor with capacitance npX. If 
vip, 0) ‘denotes the steady state voltage on nage ny aS a function of p and », then for any constants 
Ny Nz > 0.0 


tim Vil?» aes vm Vile WD 


p- 


Proof of Lemma 3.4: 
Suppose the variable capacitor is associated with node oa This 4 oahu will affect a the steady 
state voltages of nodes connected by some fonducting path to. nj Sand ‘oan only. if there i ig, HO conducting 


path from nj toa voltage source. For aay such hode m: 


‘4 


serge eee oe 
, > 3.1 
vem = eek Chee 


where ¢ equals the sum of all capacitances connected by same path tom, when: 9 = 0.0. By considering 


three cases: deg(c) < k, ca >k, and deg(c) =.k, we can. show ae ee be.a constant. 


These two lemmas can be extended to the case in which the conductance of the variable resistor or 
the capacitance of the ial cciathcee tien by an arbitrary rational function of degree k. To see this, 
suppose the terms np* in equations 3.16 and 3.17 aré replaced by terms ap* + d(p), where d is a rational 
function of degree less than or equal to k-1. Then as we take the limit as p approaches infinity, all 
instances of d will drop out, leaving the original equations. 

‘These two femmas can be combined inti) a single result by defining the equivalence relation = 
between two order of magnitude networks N and N’ as N = N’ if and only if 


6~ oe 
~e 


d 
a, 


E 
c 
a2 
y 


where the unpriened symbols refer to the network N and the primed symbols refer to N’. 


Theorem 33. 
Suppose order of magnitude cecal networts N and N have steady tsa volags (and Vo) 
reapectively. Then ifN=N’, 


liom ae ae 
pn Od = pm am 


The proof of this theorem follows ee from’ Lemmas 3.2, 33, and 3.4 (when extended to arbitrary 
rational functions) ‘and the transifivity of the three ‘equivalence ‘relations. ‘This theorem shows’ that 
although network equivalence is defined in terms-of the structare'of the hetwork it also implies a form of 
behavioral equivalence:’ ‘It: also justifies our earlier ‘statéinénts’ that’ the cotfficients of the onder of 
magnitude network elements can be arbitrary positive constants without affecting the value of the target 


State. 
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3.6 Logical Conductance 


As an aid in studying switch-level networks in which all transistors are either nonconducting or fully 
conducting, let us define a new type of network called logical conductance networks. Like a switch-level 
network, a logical conductance network contains input nodes and normal nodes, where each normal node 
n, has a size - € K={ K} vray Kg }. Instead of containing transistors, however, these new networks 
contain logical conductances, which may have values in the set { 0} U r =4 O,Yyr--+> Yp }.. The 
correspondence between ‘: switch-level network with all seccisiais either Ronconducting or fully 
conducting and a logical conductance network is quite simple: a nonconducting transistor forms a logical 
conductance 0 (i.e. an open circuit), while a fully een eee forms a logical conductance equal 
to its strength. Examples of the logical conductance networks corresponding to the switch-level model of 
an nMOS inverter are shown in Figure 3.1. A switch-level network with no transistors in the X state has a 
- uflique corresponding logical conductance network. When a switch-level network contains, transistors in 
the X state, however, we must consider the logical conductance networks formed for all possible 
combinations of these transistors being either nonconducting or fully conducting. By focusing our 
, attention on logical conductance networks, we carpe adeade ae concerning transistors in the X 


state and solve a simpler problem. Once methods for analyzing logical conductance networks have bees 


Fig. 3.1. Examples of Logical Conductance Networks 
cs oo fi x=0 
Switch-Level Network 


developed, we will be able to generalize these methods to handle arbitrary switch-level networks, 

The steady state behavior of a logical conductance network is defined in terms of the steady state 
voltages in an order of magnitude electrical network with a single set of network parameters and initial 
conditions. That is, a logical eae of strength Yt is modeled by a resistor of conductance 9(p), 
where g is an arbitrary rational function of degree k in the set ¥. A normal node of size k,, is modeled by 
a capacitor of capacitance c(p) where c obeys the same . requirements as g: ‘Input node i, jin state Xj is 
modeled by a voltage source with voltage Xp where xj = = - 0.0 if % = 0, ie = Vad if % = 1, ‘and x ; equals 
some arbitrary voltage such that 0.0 < xj < Vad if x; = X. When normal node nj hiss an initial state Ypp the 
corresponding capacitor in the order of magnitude network is initially charged to a voltage yj defined 
the vector y ) which the normal nodes would eventually reach when started in an initial state y. That is, if 
the network is modeled by an order of magnitude network with parameters 6(p), £(p), e(p), and x and 


initial conditions y, and v, is defined as 


ye = I, VGL0) EC). (0) x9) 


0, is = 0.0. ; . (3.19). 
00 
x, "00 < A < vie 


The target state of a switch-level network can now be defined in terms’ of logical conductance 
networks rather than oner of magnitude networks. _ From the matrices Gand E in the order of magnitude 
model of a logical spadioiancs network we can define two matrices G and E ‘describing the logical 
conductances connecting the nodes in the naire That is, if dex(gi;) = k; then 8ij = Ye and if 


gj; = 0.0 then g,, = 0, and similarly for E. Let the sets {E} and {G} equal the sets of logical 


conductance matrices corresponding to the sets of order of magnitude conductance matrices E and G 
given by equations 3.7 and 3.8. These sets describe the set of logical conductance networks for all 
possible combinations of nonconducting and fully conducting transistors. Let y (G, E) denote the steady 
state of the logical canes aoe with logical conductance matrices G and E, with the remaining 


parameters cap and x, and initial conditions y assumed implicitly. The target state can then be defined in 


terms of these steady states as 
- 1, ¥{G,E) = 1 forallG E{G} and EC {E} 8.20) 
Yi D0, ¥4{G,E) = 0 for allG €{G} and EE {E} 
X, else. 


That is, the target state of a node will equal 0 or 4 if and only if it has this unique steady state regardless 
of variations in the conductances created by transistors in the X state. Note that if the switch-level 
network contains no transistors in the X state teeta {G } and { E} each contain one element and the 
target state equals the steady state of this unique logical condiittance network. 

If a logical conductance network can be modeled by an order of magnitude network N then it can 
also be modeled by some other network N’ if and only if N = N’.. Thus, there is a 1-1 correspondence 
between logical conductance networks and equivalence classes of order of magnitude networks. Logical 
conductance networks can be viewed as abstractions of order of magnitude networks, where those aspects 
of the structure which have no important chee on the behavior are ignored, as was shown i in Theorem 
3.3. The logic state y provides all of the information we Fequire ha the steady state voltages for the 


corresponding class of order of magnitude-networks. 
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3.7 Properties of Logical Conductance Networks 


With the analogy between logical conductance networks and classes of order of magnitude 
networks, we can derive some simple rules for interconnections of logical conductances. First, if logical 


conductances a and b are combined in series, then 
Bseries = Iminfa, b), 
where logical conductance values are ordered 


To show this, suppose logical conductances a and b are modeled by resistors of conductance a and b 


where a and b are rational functions in the domain ¥. Then the net conductance g is given by 


9 = ab. 
a+b’ 
and applying equations 3.10, 3.11, and 3.12 gives 
deg) = degla) + deglb) - max(degla),degld)) =. minfdeg(a), degb)). 
Similarly, if logical conductances a and b are combined in parallel, then equation 3.10 gives 
deg) = deg(atb) = max(dég(a), deg(d)), 
and therefore 
parallel = ™max{a,b) 

For more complex interconnections, the net logical conductance between two nodes. equals. the 
maximum logical conductance of all paths connecting them, where the logical conductance of a path is 
defined as the minimum logical conductance in the path. To see this, suppose that for a network of 
arbitrary linear resistors the net conductance between two terminals equals g. Let P denote some set of 


resistors forming a path between the two terminals and C denote some set of resistors which if removed 


would eliminate all paths between the two terminals. If 9) equals the conductance of resistor j, then 
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ll <4 < By, 
z= 4q; Cc 


That is g is bounded below by the series conductance along any path and is bounded above by the 
parallel conductance through any cut-set. These inequalities ca be shown by simple applications of loop 
and cut-set analysis. If these resistor conductances are given by rational functions of p, then for 
sufficiently large p, all conductance values will be partially ordered by the degree of their rational 


functions. Therefore 
min deg(g;) < degg) < max deg(9;). 
: eae 


This can be expressed in terms of the corresponding logical conductances as_ 

a RS ES re Sj. 
where g is the net logical conductance between the two terminals and gj is the logical conductance 
corresponding to resistor j. These inequalities hold for any path P and‘any cut-set C. Suppose P’' is the 
path of maximum logical conductance, and C''is constructed by repeatedly removing the minimum 
element in the maximum uncut path until all paths between the two terminals are eliminated. Then the 
minimum element of P’ equals the maximum element of C’': 

ee Eo eae 
Therefore g equals both the minimum logical conductance in the maximum path and the maximum 
logical conductance in the minimum cut-set. This rule lustrates how the switch-level model describes 
the operation of an MOS network in terms of only the dominant effects acting on each node. It considers 
only the strongest conductance path between two nodes and characterizes this path by a strength value 
from a small, discrete set. Much as rules for combining ielwirks of linear resistors may not apply when 


voltage sources are present, wé must be careful in applying these rules when input nodes are present. 


We can also think of the normal nodes in a logical conductance network as forming logical 
capacitances with properties much like logical conductances. Logical capacitances can take on values in 


the set K = {k),...,%g} which are ordered 


O< a) <KyK eee <a 
When logical capacitances a and b are connected in parafiel through a nonzero conductance, they form an 


effective logical capacitance: 
Sparailel = marta, b). 

Other forms of interconnection cannot occur, because the capacitors have oie side tied to ground. This 
rule illustrates that the switch-level mode considers only the largest capacitors connected to a node and 
characterizes the net capacitance by an element from a small, discrete set. 

As a final set of rules, consider the logical conductance network shown in Figure 33, containing a 
normal node n; connected by logical conductances g},.8, and 23 to input nodes in states 1, 0, and X, 
respectively. The steady state ¥ , will depend on the relative strengths of these conductances: 


Fig. 3.2. State Formation im Ratioed Circuits 


yi = 0, By > max(g), 83) 
To show this rule, we can model the network by an order of magnitude network containing resistors of 
conductance g7(p), g(p), and g4(p) connected to voltages V 44, 0.0, and: some voltage V such that 
0< V< Vqq, respectively. Node n; will have a steady state voltage 


_ 0) Nya t0f0)-00 +940)-V 
vile) = g)(0) +920) + 9300) 


From equation 3.14 one can see that 
_ §y Yaa 91> 92 + 93 
y= 0.0, 92 > 9) + 93 
V', else, 
where 0.0< V’ <Vag- This rule illustrates that the logic state 0 (or 1) is formed on a driven node only 
when the connections to input nodes in state 0 (or 1) clearly dominate over all other connections to input 
nodes. 

Similarly, if a set of normal nodes are connected such that the net logical capacitance of nodes 
initially in the 1 state equals Cy, of nodes initially in the 0 state equals %, and of nodes initially in the X 
state equals c3, then the steady state of any node 7; in the set depends on the relative values of these 
logical capacitances: 

1, cy > max{c>, C3) 
Yj = 0, Cy > max{c;, C3) 
X, else. 
This rule illustrates that the node state 0 (or 1) is formed on a charged node only when the ne: 


capacitance of nodes initially charged to 0 (or 1) clearly exceed the capacitance of all other nodes. 
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3.8 Summary 


Logical conductance networks provide an abstraction of our electrical model of switch-level 
networks. The rather intractable definition of the target state in terms of electrical networks with 
parameters and initial conditions ranging over infinite sets can be reduced to one in terms of a finite set of 
logical conductance networks. The steady state of a logical conductance network is in turn defined in 


terms of an electrical network with a unique set of parameters of initial conditions. 


Fig. 4.1. Thevenin-Norton Equivalent Theorem 


Yhev 
mae 
N L = “<O L 


The Thevenin-Norton Equivalent Theorem [15], illustrated in Figure 4.1, states that for a linear 
network N connected to an arbitrary load L (i.e. some other network), we can replace N by its Thevenin 
(or Norton) equivalent network and obtain the same behavior. The Thevenin equivalent can be found 
for N without considering the nature of the load L. The voltage v4..,, equals the voltage across the port 
when no load is attached and hence is called the open-circuit voltage. The admittance Y,n-, equals the 
admittance across the port with no load attached and with all (independent) sources in N set to zero and 
hence is called the zero-state admittance. i Gi Cans tiie al bounces bu’ stio voice hateeene 
the voltage sources corresponding to iaput nodes. Since we are concerned only with the steady state 
voltages we can consider the admittance to either be a conductance guppy OF a capacitance Cre, because 
the ConGGctalice valiies Will have an efSet only when thie Hinde driven tn ies eady atlas Volkigectad tie 
capacitance values will have an effect only when the node is charged. One can also see that a voltage 
sciesa coinsiec ted ta Wiese with a: dn hiagb Samsara te: xa tvalnes wv Gas “Capac Chaiges tank 

‘Logic signals are related to Thevenin networks in two respects, as is shown in Figure 4.2. First, a 
logic signal describes the total behavior of a logical conductance at a particular nede in terms of a single 
source of state, i.e. either an input node or a normal node, and a single network clement, ie. either a 
logical conductance or a logical capacitance. Second, slope signal provides a direct mode! ofthe 


Thevenin equivalent of an order of magnitude network. That is, the lei signal at node n, models the 


13s 
Fig. 4.2. Relation Between Logic Signals and Thevenin Networks . 


Driving Signal Charging Signal 


+ GND GND 


Thevenin equivatent of the order.of magnitude network ‘as viewed at a port with positive terminat n, and 
negative terminal GND. - Thus we cam prove’ properties about logic ‘signals by demonstrating: the 
analogous effect in the order of magnitude model. 

The relation between a logic signal and the Thevenits equivalent of an order of magnitude network 
is defined as follows. For an order of magnitude network the open-circuit voltage Vthev and the 


zero-State conductance they OF Capacitance Ci), are given by rational functions of p. If we let 


$3, aa” 
thev p +00 ‘they 


fash the logic signal aero to an order of magnitude network will ‘ave state 1 if Vihev — Vad 
state 0 if Viney = 0.0, and state X if 0.0< Viney <Vaq- The strength of the logic signal depends on the 
degree Of Giney Of Cehey- A driving signal has strength in the set T = { y},..., ‘p }. A signal of 
strength 1 corresponds to an order of magnitude network in which deXGthey) =k. This strength also 
equals the strength of the strongest path in the logical conductance network from the node to some input 
node. A charging signal has strength in the set K = { «y,....x q }. A signal of strength x, corresponds 
to an order of magnitude network in which 9... = 0.0 and deg(cy,.,) = k. This strength also equals 


the size of the largest node connected by some path in the logical conductance network. A null signal 
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represents an open circuit. That is, the corresponding order of magnitude network has zero-state 
conductance and capacitance equal to 0.0. As a consequence, the Thee voltage is indeterminate and 
is denoted by the logic state 1. The null signal serves as an identity element when combining logic 
signals much as the number 0 is used in other domains of mathematics. 

Just as a Thevenin network provides a composite description of a linear network at a particular port, 
a logic signal provides a composite description of a logical conductance network at a particular node. 
However, whereas the Thevenin equivalent of a linear network depends on ee complete structure and 
exact parameters of all network elements, a logic signal depends only on the dominating effects at the 
node. The strength of a signal depends only on the strength of the maximum logical conductance path to 
an input sode or on the size of the largest connected sotmsl:node; and:the state depends only on the 
states of input nodes connected by maximum conductance paths or the states of the largest connected 
| normal nodes. As a consequence, finding the logic signat for a logical conductance network will prove 


much easier than finding the Thevenin equivalent of.a linear network. 
4.3 Rules for Logic Signals 
A simple set of rules describe the logic signals. resulting when a logical conductance network is 


constructed by a series of primitive steps. These rules will first be sted and then shown to describe 


analogous effects in order of magnitude networks. 


1. Formation 
a. Input node i forms a logic signal of strength 1p and state Xj. 


b. Normal node n forms a logic signal of strength cap; and state Yj. 


2. Coupling 
A logic signal coupled through a nonzero logical conductance forms a signal with the 
state of the original signal and with strength equal tothe minimum of the original 
signal strength and the conductance strength. 

3. Combination 


Two logic signals can be es aig into a sng signal. as follows: 


a. A stronger signal will sverside a weaker, and the weaker signal 
cari be ignored completely. 


b. Hf: the signals have the same ‘strength and state, the resulting 
eae has this strength and state. 


c. If ie suas fave the same cia but dierent states, the 
Tesulting signal has this strength and state-X. 


4.3.1 The Formation Rule 


The formation ral degre the logic signal formed -by an isolated input or normal node. 
Comparing this rule to the Thevenin aetworks of Figure 4.2, one can see itis logic signal formed by 
input node i. ‘es aang to a Theventin network with thev set according to > the logic state Xjp and with 
dX Gsney) = p, where y p is the maximum allowable transistor strength. This resistor was not present in 
the formulation shown in Figure 2.4, but for the order of magnitude medel it: wilk:behave just like an 
infinite conductance. That 8, it acts as an identity element when,resistors are, combined i in series and as 
an annihilator when resistors: are combined i in parallel. This avokty the. need t to add a special strength to 


represent an infinite conductance. The logic signal formed by normal node Nn corresponds to a Thevenin 


network with Vthey Set according ‘to ‘the logic state" y;" and if cap; = x, ‘then dA Chey) =k. This 


combination is equivalent to a capacitor with one side connected to GND and charged to the voltage 
Vehev: 


4.3.2 The Coupling Rule 


The coupling rule defines the effect of connecting a network described us a ‘aie signal through a 
logical conductance to a node. Figure 43 shows how this ue dessbes the ff in the corresponding 
order of magnitude network. A driving signal of strength % correapoatl to a Thevenin network with the 
passive element having conductance g), where deg(g,) = k. As was shown in the serivaion of the series 
rule for logical conductances, when this element is Soames in series with a Sondictasee >, the net 
conductance has degree equal to min(deg(g), deg(as)). By the ordering of signal strengths, the 
connection rule describes this effect. A charging signal of pike. corresponds. to a Thevenin network 
with the passive element having capacitance c ‘where deg(c) = k. This peamaanl in series with a resistor 


of nonzero conductance will have a net conductance of. 0.0 and a nel cpatinence of c. By our ordering of 


Fig. 4.3. The Coupling Rule 
Driving Signal 
9 % _ min( 9) @, ) 


GND 


GND 


signal strengths, a nonzero logical conductance strength will always exceed the strength of a charging 
signal, and hence the minimum of the signal strength and the logical conductance strength equals the 


signal strength. 


4.3.3 Combination Rule 


Fig. 4.4. The Combination Rule for Acyclic Connections 


Driving-Driving 


The combination rule describes the effect of connecting two networks described by logic signals to 
form a single network. First, let us assume the two networks are independent. Then this rule can be 
demonstrated by showing an analogous effect when ports of independent order of magnitude networks 
are connected. This involves three different cases as are shown in Figure 4.4, not counting the trivial 
cases where one of the signals is a null signal. 

When two driving signals are combined, this corresponds to connecting a Thevenin network with 
voltage v) and conductance g, to one with moka Yo sad consort 8p The zero-state conductance 


equals the effect of connecting the two resistors in parallel, and therefore 7 
aeSthev) = max(deg(9. 92))- (42) 


The combination rule yields a signal with strength equal to the maxinium of the two signal strengtss and 
hence correctly characterizes the vale Of Gey. The open cra vliage it given by 


9 (0)ej(6) + aorde) 
“thev’P) = ““G.@)t a6) 


{i= | 91> 92 (4.3) 
Yeev = a1<e- 

avy +82”. 82 ~ & 

where a and f are positive constants, wesc de eae stay jeer eee 
v4 and v2 equal 0.0 (or V4). The combination rae yids asignal with state equal 1 the state of 
the stronger signal ifthe two signals have diferent strengts, and otherwise i yields tate 0 (or 1) if and 
only if both signals have state 0 (or £,) Thus the combination rule correctly characterizes the value of 
ae When two charging signals are combined, this correspond$-to connecting a Theveain network 
with volage v, and-capaciuance c, to ove with volinge +, and capacitance The analysis of this case 


proceeds much as with the previous case. When a driving signal is combined with a charging signal, this 
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corresponds to connecting a ‘Thevenin network with voltage v) and conductance gj) to one with voltage 
Vz and capacitance c>. The sedating network has a zero-state conductance g) and an open-circuit 
voltage v,. Since a charging logic signal is always weaker than a driving signal, our rule correctly 
describes this effect. | 

‘We have shown that the combination rule holds when independent networks are combined. In fact 
a similar rule holds for arbitrary linear networks and ‘hence we have. not yet achieved a major 
simplification. over more detailed electrical models. If the combination rule is applied only to 
independent networks, however, it can only be used to-construct acyclic networks. In general, networks 
may contain cycles, and to construct these we must create cycles by combining the logic signals describing 
two nodes in the same network. This corresponds to connecting together two ports of the same order of 
magnitude network to form a single port. With logical conductance networks, the effect of this cyclic 
connection is given by simply:applying the combination rule tothe two signals.: In-other. words, the port - 
behavior of the order of magnitude network formed by connecting two ports of a network N is equivatent 
to the port behavior of the network formed by connecting the-ports of two-different copies of N, as is 
depicted in Figure 4.5. This.can be motivated intuitively by noting that a logic signal describes:only the — 


dominating effects at a node and these effects involve onty ‘simple characterizations of acyclic paths. This 


Fig. 4.5. The Combination Rule for Cyclic Connections — 


Il 
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provides a major simplification over general linear network models, because the Thevenin-Norton 
Theorem applies only when the network N and the load L are indepeadent. In general the Thevenin 
equivalent of a linear network.can be found only by solving a system of linear equations. 

To show the sinbintaion rule holds for cyclic connections, suppose ports 1 and 2 of an order of 
magnitude network N are.connected. If one of these ports is described by a driving signal while the other 
is described by a charging signal, there can be no path in N between the positive terminals of the two 
ports. Therefore this case is just like an acyclic connection, Similarly, if both ports are described by 
charging signals, either there is no path in N between the positive terminals of the two ports, and hence it 
is just like an acyclic connection, or there is a path and the sew connection is redundant. The | 
combination rule correctly describes both of these possibilities. The more difficult case occurs when both 
ports are described by driving signals. We. must show that the new setwork will have a: zero-state- 
conductance Giney which obeys equation 4.2 and a limiting case open-circuit voltage Vaney Which obeys 
equation 4.3. 

We can show the zero-state conductance obeys equation 4.2 using the-rule derived in Chapter 3 for 
finding the net logical conductance between two nodes ina logical-conductance network. This rule states 
that the net logical conductance equals the strength of the. strengest.path between the two nodes, where. 
the strength of a path equals the weakest logical conductance in the path. Given the correspondence 
between the logical conductance y, and a resistor with conductance given by:a tational function of degree - 
k, we can apply this rule to find the “degree” of the net conductance between twa nodes in an order of 
magnitude network, i.e. the degree of the rational function which gives the net conductance. The degree 
of the net conductance between two nodes must equal the degree of the path with maximum degree, 
where the degree of a path equals the degree of the element in the path with minimim degree. 
Furthermore, we need only consider acyclic she because for any cyclic path we can form a path with 
conductance of greater or equal degree by removing the cycles. In conuecting the two_ports of N, we do 


not form any new acyclic paths from the positive port terminals to GND, and hence the set of acyclic 
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paths across the new port equals the union of the sets of acyclic paths across ports 1 and 2 of N. 


Therefore 
49 they) = max(dex(9}, 97). 


and the combination rule gives the correct signal strength for cyclic connections. 
We can show that the tntiting value of. the open-circuit voltage Vehev ‘ obeys equation 4.3 by 
applying an equation for Vthev derived in Appendix I by an analysis of multi-port networks: 


ae - 91(.0—Kp) + gp(10— ky) 


oe 
All of the terms in the above equation are rational functions of p. The factors ‘i and be gece the 
strength of the connection within N between the postive terminals of the two ports i both equal 0.0, 
then there is no connection aad the ecuauion reduces to ed one >for an eric connection. if kK) equals 
1.0, then all paths from the positive terminal of port 2 to voage sources pass hhh the ‘positive 
terminal oF port t and vice-versa. For values of k 1) between ‘(Gidusively) 0. i and 1. 0, some paths from 
the positive terminal of port 2to voltage sources pass through the positive terminal of port 1 and some do 


not. These factors obey the following properties for any positive value of p: 


97(p)k}(0) = g)(e)ka{p) 
0.0 < kp) < 10 
00 < kyo) < 10 
kyovy(0) <. vA(0) 
ko(0)-v2le) <.-vy(0). 


The second and third inequalities imply that k, and k» have degree less than or equal to 0. Let us 


consider 3 cases. 


1, 9] > 92 
Then deg(ky) = des(gok,/g})<0, and hence deg(.0—k) = 0, while deg(1.0—k) <0. Therefore 


91(1.0—k5) > go(1.0—k,),and view = vy °°. 


2.9) < 99 


An analysis similar to the previous case shows that Viney = vy : 
We wish to show that for some positive constants a and B 
00 — 
Vthev = av, + Bvy-. 
Consider the following four possibilities: 


a). ky < 1.0, k, < 1.0 


Then g}(1.0—k>) ~ g9(1.0—ky), and the desired result will clearly hold. 


This implies that v) © = v., in which case. 


Viney = vj" = 05," + 05v,%. 


1 = ln axledkteyaze) > 0 


Furthermore kj ~.v,)% < Viney < 1%, and therefore. 


0.5k;.v, + 05v." < vinn < O5v,™ + 05v,™. 
For B = 0.5 and for some a such that 0.0< 0.5ky™ < a < 0.5 the desired result must hold. _ 


d). ky <k% = 10 


The analysis of this case proceeds much like the previous one. 
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Therefore, when g) ~ 9», Vihey must depend on both v,° and v9”. -This completes our proof that 


the combination rule correctly describes the effect of a cyclic connection. 
4.4 The Steady State Signals - 


Each node n; in a logical conductance network can be characterized by its steady state signal, 
denoted v;, analogous to the Thevenin equivalent of the corresponding order of magnitude network at 
this node once it reaches steady state. The state of this signal equals y j» the steady state of the node. The 
value of this signal can be found by constructing the network by a series of primitive steps according to 
the three rules. This task can be difficult and tedious, however, and must be done separately for each 
node. Instead, we will show that an equation can be derived which expresses the value of the steady state 
signal for each node in terms of the signals formed by tc input nodes and normal nodes in their initial 
states and by the steady state signals on other nodes, 

Let us first introduce some notation, much of which will be replaced by more concise notation in 
Chapter 5 when the logic signal concept is formalized into an algebra of logic signals. For a nonzero 
strength value s, the expressions +s, -s, and xs denote signals with strength s and states 1, 0, and X, 
respectively. The null signal is denoted A. Signal-valued variables are denoted with italic characters. The 
vector x denotes the signals formed by the input nodes in state x. That is x; has state x; and strength py 
Similarly, the vector y denotes the signals formed by the normal nodes in their initial state y. That is yi 
has state y; and strength cap; The signal Tesulting when logic signal a is coupled through logical 
conductance g is denoted cple(a, g). According to the ‘out Tule this signal will have the same state as 
a and ieee aie to the minimum of g and the creda of a. We will adopt a convention that 


cple(a, 0) = A, i.e. any signal coupled through a zero conductance yields a null signal. 


The rule for combining logic signals imposes the follow. partial ordering on signal values: 


*Yp 


/ \ 


That is, for signals a and b, a << bif and only if the effect of combining a and b equals b. Thus, the result 
of combining a set of signals equals the least upper bound (abbreviated 1.u.b.) of the set for this partial 
ordering. This partial ordering will prove important in our mathematical development. It provides a 


concise statement of the concept that the logic model considers only the dominating effects acting on a 


node. 
4.5 Constraints on the Steady Steady State Signals 


Weicai use the nlesot logic signals to derive a set of constraints which the steady state signals must 
satisfy. Let N be an order of magnitude network in which node n; has capacitance C;, initial voltage y;, 
and steady state voltage v . Suppose we were to connect an. additional ‘capacitor to this node with 
capacitance c where c ~ ¢;, and charged to an initial voltage y, where y ~ y;, giving a network N’. 
Then the new network would be equivalent to the old one, ie. N a N’.: Equivalent order of magnitude 
networks are represented by the same Jogical conductance network, and therefore if an analogous process 
is performed with a logical conductance network, the logic signals should remain unchanged. This new 
capacitor is described by a. logic signal equal to. y,, and: the addition of the capacitor is described by an - 


application of the combination rule to y; and ¥, giving _- 


y= bub{y, ie > yy. 


Similarly, suppose that N has a total conductance Fr Conner ne node mM to the wollage source 


ij 
corresponding to input node i. ‘Then if a Soniiuctance @ is added between 7; ‘ind this voles source such 
that e ~ ej, the new network N’ will be equivalent, ie. N= N’. ‘Therefore, if we perform an analogous 
process with a logical conductance network, the logic signals should remain unchanged. A resistor with 
order of magnitude conductance e is. described by. the logical conductance.e;,, and hence the effect of this 


new. conductance on n; is described by the signel cpld(x;, ¢;j) giving 
vj = gee ‘? 2 ae ¢j). 


This result holds even if ej = 0, because only .0= we and v, > A. By a similar line of reasoning 


y= ‘wines. Bij). vi} = cpldv,, 8;,)- 
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If v; is greater than or equal to all of these signals, it must be greater than or equal to their least 


upper bound: 
y= ud.( 05) U {eple(x, ¢) | 1<Si<m} U { cpl, 8) 11<i<n}). 


If we define the function f; as 


fa) = ue.) U Leplex,, ¢)| 1 Sim} U { plda, «)11<i<n}), 


then these constraints are expressed by an equation v, > f,{v). If we then let f denote the function 
yielding a vector with ith element equal to the application of f; to the argument, then the set of 
constraints for ali node signals can be expressed by a single equation v > f(y). 

We can show in fact that vy = /(»). In.other words, the steady state signal on each node equais the 
least upper bound of the signal formed initially on the node and the signals on adjacent input and normal 
nodes coupled through the logical conductances between: them. To show this, let »° denote the vector 
given by v’ = f(y), and let r and 1’ denote the vectors of signal strengths for the signal vectors y and ¥. 
That is, for any value of i, r, equals the strength of », and r, equals the strength of ¥;, Suppose first that 
for some mv ia charging signal, ie it as strength r, © K. Then for any such thats, > 0, | 

42% 2 Ody ey) = 4 2 pide) = y 
which implies that » = ¥;. If, on the other hand, ¢5; = 0 for ail j, then node »; is completely isolated and 
therefore » = ¥', = y;. Next, suppose » is a driving signal; ie. # Kas strength ET. If +>; thea 
either r;>r'; or v; has state X and v'; has state © or 4. W'R> ri then: for ‘any normal node m, the 


constraints on the logic signals imply the following constraints on the signal strengths: 


Therefore, ifr > r,, the first inequality can hold only if g,; << rj <r, and ifr, <r, the second inequality 


can hold only if Bij < i; <1. Similarly, for any input node 5, 


r, > ¢ > inks. 1 = o. 

In other wore all logical conductances connected to ni have ea less than |; Tj the strength of the 
steady State signal. Therefore, since any path from it to am input ‘node must pass through one of these 
conductances it. canapt have strémgth-equal to the steady: sine signed strength. This contradicts the fact 
that the sarength of the steady state signal équals the maximum of these. patty strengths, and therefore f°. 
cannot be greater than r'.. Thus we can assumhe that str; for alti. -Dlent suppote rr’; but the state 

fv, equals X. and the state of ¥'.-equals 0. For aay node np if gy 2 4,-thon ¢, De mirkgy, = Fj 
Furthermore, ¥5 = cple, gi), and therefore v, must have state y ; = Ov By'asimilar line of reasoning, 
any node i for which e:. 


HS” 
bloga conductance of eregth eterno ul mst have al 0 ‘Let us look at what this 


canals: ij a cannot pe greater), y= = 5 ja other, words, apy, node connected to a 


implies i in the corresponding order of magnitude n network. yy Kirchoff’s Cuareat ae the net current 


flowing out from node " equals 0. 0: 
m nh 
; = (v; : xe jj + = (vj = ¥p9ij = 0.0 
j= ] . j=l 


In the above .equation.all terms are. rational functions of p. Assuming £):= -y,, we can divide through by 


pX and take the limit as p approaches infinity: 


ki m Si 
si ( z Wir +. Ey oo = 9.0, 
j=l 


Let us look at the individual terms in this equation. For any j such that deX(9ii) <k, 


lim Si _ lim Sy 0. 
pace Ae (vir eS 0.0. 


For any j such that dea(g;:) > k, yj= 0, and therefore: v5" © ~ 6, Furthermore, by our assumption 


Y; = X.and therefore v;> >09. This implies'that 


A Similar line of reasoning shows that for any j if deste; ;) Ck, 
and if dege;;) > k, 


These results would taply that the above summation is greater than-0.0; which is not.possible. Therefore 
y, cannot have state X when v;; has state 0, and a similar line of reasoning shows that v, cannot have state. 
X when v'; has state 1. This completes our proof that v = f(»). 

We have shown that the rutes for logic signals imply a set of constraints which must be satisfied by 
the steady state signal for each node Pi: 

% = 1u.({ HI U {eplx, eI 1<i<m} U { eple(y, sp it<i<n}). (4.5) 

Note ‘ne we used the fact that the combination rule holds for eye as well as scyctic connection to 
derive the constraints on the steady state signal ae each normal eae in tens of the steady state signals : 
on other normal nodes. No such set of constraints can be given for the aiecai anurans at the 
different ports of an arbitrary linear network, because cyclic combinations cannot be dealt with and 
because there is no analogeus partial ordering. Thus,.we have taken a: major step.away from electrical 


network concepts. 
4.6 Specification of the Steady State Signals 


The constraints on the steady state signals given i equation. 45 can be expressed by a recurrence 
equation of the form v = f(»). This equation . itself, however deed eck eulas @ unique specification 
of the steady state signals, because it may have multiple solistions. For example, the networks in Figure 
4.6 contain no input nodes, and assuming the nodes have: initial-state X, the steady state signals of the 


nodes in both cases should equal xa. Suppose in the first example, however, that we let a equal +72 
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Fig. 4.6. Networks with Extraneous Solutions 


12 
My . AY 


Then, since g;; equals y>, an and ty = clon 12) the signa a Satisfies the recurrence relation a = f(a), 7 
as would any signal such that xx, < < as x72 The second example shows a similar case in which two 
nodes have mutually dependent signals, and hence any ‘sohution such: that XK) Say = a S xyz would 
satisfy the recurrence relation a = f(a). These examples demonstrate that the equation a = f(a) may 
have solutions in which some nodes have signals ‘greater than the steady state signals because of 
extraneous cyclic dependencies allowed by the recurrence relation. In the second case, a single logical 
conductance creates cyclic. dependencies. in bath directions. These extraneous solutions have no physical 
significance; they are artifacts of the simplified view of electrical networks provided by logic signals. 
Fortunately, we can exclude these extraneous solutions by considering only the minimum vector 
which satisfies the recurrence relation. Let v’ denote the minimum solution of the equation a = f(a). 
That is, v’ = f(y’) and for any a such that a = f(a), v; < a; for all i. We will show in Chapter 6 that such 
aunique minimum solution must exist. The minimum solution depends ofly. on the initial signals on the: 
nodes and the consistency constraints imposed by the recurrence relation. Therefore, it seems quite 
reasonable ‘that the vector of steady state Signals y should equal the minimum solution »’. By a 
gencralization of the ieotmae used to show that y= | , we will show that y= »’. This gives us a 


complete specification of wd steady st state signal in in terms of a simple set of operation on logic agnals 
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First suppose for some node n,, v, is a charging signal. Let 4 equal the set of all nodes connected by 
some conducting path to n,. Then v; describes the result of charging sharing between these nodes: 
= Lu.b.{ ya; € A}. 
We can show that vi cannot be less than ¥i using this equation. For any n and nm in A such that Six > 0, 


F = pags, vy) a vs; = cpla gi, ¥) = ¥pp 


J 


path to n; that vj = vj. Furthermore vj = ¥; for all n; which implies that 


and therefore v', = v',. For any node ne A, we can show by induction on the length of the shortest 


vj 2 lubd{ylreA} = y, 


Therefore v, = v’; for any charged node. 

Next, let us consider driving signals. Let r and r’ denote the vectors of signal strengths giving the 
strengths of the elements of y and y’, respectively. For any node ny if ¥; > Vp either r, > ri of v, has state X 
and v, has state 0 or 1. Let ST equal a strength value where for all j such that 1>s, F = ¥;, but for 
some i, r; = >1'j. Let A and B denote the sets . | . 


A = {n|s=n >t} 
B= N-A 


Then for any n; € A and n € B: 


sor 2 mith iy 1) 
Yj = mirh3iy r). 


Therefore, if Tj >s, then ri =%j and the first inequality can hold only if 8ij <s. Similarly, if i=, and 


since nj ¢ A, then rj = ij and the first inequality can hold only if Bij <s. Finally, if ij <s, the second 


inequality can hold only if 8ij <s. Furthermore, for any input node i 
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$f 2 mikeny) = 


and therefore ¢;; <r. In other words all logical conductances connecting nodes in A to input or normal — 
nodes ouside of 4 have tength less than s, the strength of thesia sate signals for all nodes in A 
Any path from a node in A to an input node must pas through ome of these conductances and hence 


cannot have strength oul to the signal strength, but this pera the fact that the strength of the 


steady state signal equals the sais of these path aiterigttd “Bherefore, there can be no strength vale 
'S satisfying our requirement and 1; = Ff for all i. Next, lets equat a strength value where for all j such 
that r; 2S = 9} v: , but for some i, 1; = sand ¥> Vj. Ket A-and B denote the following sets: 
A = {n,|1, =, y; has state X, and v'; has state 0 } 
B= N-A. 


Then for any mE A andj Bit wy > rj, then > minke, rt) ='t. Putthermore, ¥: > ot ap. 
and therefore vj must have state y j= ®. ‘By a similar ine'of reasoning, for any 7; € Aand any itipat 
node gj for which CF equals r; (it cannot be greater), x= 0. This shows that for, any normal node in B or 
for any input node, if it is connected to a node in A by a “—- condnctsner of strength gener than or 
equal to s, it must have state 0. Let us s look at what this implies i in the corresponding 0 order oF 9 magnitude 
network. By Kirchoff's Current Taw, if we form a cut-set Coane of all branches connecting nodes in 
Ato nodes i in B and to voltage sources corresponding to input nodes, the net current through this cleast 


z= cae z 2 AG vpag. = 00. _ 
nA j= 1 Pei nEAnEB 


In the above equation, all terms are rational functions of pt Por's =47;;; we can divide through by p* and 


take the limit as p approaches infinity, 


lim m @:: Gi; 
( E Ley + 2: vie) = 00. 
> - 
P n€& A j=l p nEARER p 


Let us look at the individual terms in this equation. For any i and j such that deX9;i) ¢k, 


lim y..y V9 — (yy. , lim Si _ 
sree! rr = (¥; vj 500 of = 0.0. 


j 
assumed that for any n, € A, y ; = X, and therefore v, > 0.0. This ee that 


For any j such that ne Band deX9;) >k, Yj = 0, and therefore v, = 0.0. Furthermore, we have 


lim 9ij = (y.%- yy lim oy , 
Pr “yr (v; % ay > 0.0. 


A similar line of reasoning shows that if deg(e,;) < k, 
e:: 


lim (v; -%: = 0.0, 
po pt 


and if deg(e;,) > k, 


lim (v;- x; “i > 09, 


These results would imply that the above summation is greater than 0.0, which is not possible. Therefore 
the set A must be empty, but.a similar result holds if 4 is defined as 


= {n]1,=5, v; hasstate X, eer 


and hence there can be no such strength value s. For all driven nodes ¥, = vi, vant complies Ce prow! 
that the vector of steady state signals » will equal the unique minimum value satisfying the recurrence 
relation vy = /(»). | 

The constraints on the steady state signals given by equation 4.5 give us a specification of the set of 
steady state signals without any reference to an electrical model, as long as we consider only is setae 
solution. This will allow us to develop a method of computing the steady state of a logical conductance 


network without evaluating any electrical networks. 


-93- 


4.7 Signal Blocking 


Informally, we can view a driving Ae signal as describing the combined effect of those input 
nodes connected by a path of maximum strength. Under certain conditions, however, this in formal view 
may not be eitirety accurate, ean ofa phenomenon e call signal blocking. Consider, for example, 
node nm, in the two networks shown in Figure 47. In both seiwouks there i a path of strength 
mir(y), 71) = y] to an input node in state 1, and a path of strength min(y>, rp = 7} to an input node 
in state 0. Our informal view would then suggest that in both networks ») = Lu.b.{ +7}, “11 }= xy 
and hence node ny has a steady state X. While this analysis yields the correct result for the second 
network, it fails for the first. In the first network node x wil be dies to 0 by the signal a) and hence 
ny will also be'driven to 0 by the signal cpld->, ) = ~¥2. This example desnonstrates that when the 
paths to input nodes are not independent, some signals may be blocked along a path by a signal of greater. 
strength. For eagle the signal +y, is blocked at 2) by the signal -'y,, and hence node my is unaffected 
by this signal. Our informal view doesnot take such a possibility into account, although our more formal 
method does. Note that this phenomenon can be ignored in restricted legical conductance networks, 
which are defined. as networks in which any logical conductance between two normal nodes must have 


strength Yp “This class of networks can be. used for analyzing restricted ‘switch-level networks as were 


Fig. 4.7. Signal Blocking Example 
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defined in Chapter 2. In restricted networks, the strength of any path to an input nede will be 
determined by the strength of the final logical conductance in the path, and hence the informal rule will 
coriecely Geictibe the preckdence Relea sienal aoe. a 

Sigs blockine creaees Gifficalties ix the’ Tocsualation of «-mnedadd Sor*cocncing tie: ceeady aes 
signals, but a resolution of this problem leads to an efficient method for computing the target state of a 


switch-level network. 
48 Conchision 


The simple set of rules for logic signals lead to a specification of the steady state signals: 
% = tud.(1) U { alex, ©,)11<i<m} U { pley, 6) 11<i<03). 45) 


where the clements of » must be the minimum set of signals satisfying the above equation for all i. Since 
the steady state y ; equals the state of the signal v,, this gives usa specification of the steady state for any 
logical conductance network in terms of a simple set of operations on logic signals rather than in terms of 
an electrical model. Thus we have completed qur tiansition form a circuit-oriented view of the 
switch-level model to a more abstract logical view. From this point onward we will deal only with these 
logical concepts. The order of magnitude electrical network model has served out its useful life. 

The logic signal formalism takes advantage of our simplified model of the electrical behavior of 
switch-level networks. In general linear networks, the state variables (Le. node voltages) are to sont 
degree dependent on the complete network structure and the exact parameters of all connected network 
elements. As a consequence, computing the steady state involves scivine a set of sithultaneous linear 
equations. With logical conductance network, onthe other hand, the signal ona node generally depends 
only on the network parameters along a small number of paths, and consequently the sate can be 


computed much more easily. 
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Many logic simulation programs we values (generally cle “stateg”) which. describe both logic 
state and relative precedence. Such values correspond closely to logic signals Rot cepts ie De 
impedance or H sate described in Chapter 1 corresponds cloely to the null signal A ‘pecause bot 


represent. open circyits.and, are avapridden by any. ether stage. .Most, MOS. logic, simulators 9, 34, 5) 
encode both Jogic state and siength into a single value and sinwlate the agrwork by forming, combining, — 
and propagating these, values accarding to some set of rules. These rules, bowever, often de not display 
corresponding. to signal combination and, coupling, ap alggrth ) 


5. An Algebra of Logic Signals 
5.1 Introduction 


Shannon showed originally that Boolean algebra could be applied to the study of relay networks, 
and later this algebra was applied to logic gate networks. With MOS networks, however, Boolean algebra. 
does not suffice. iiss thos avis aise escheat Cor’ waa) Was aes ei ua ComdiNiak 
which create these states depend on the relative sizes of conductances and capacitances. Therefore, the 
conductances and capacitances cannot simply be characterized by Boolean values. Furthermore, in a 
voltage-driven logic, one must consider the state of a signat source’ as well as the strength of the 
conductance path to it. We will develop our own algebra based on the rules of logic signals which retains 


much of the simplicity of Boolean algebra while allowing 2 more detailed description of the network. 
5.2 General Definitions 


Let us start by defining some terminology, most of which is consistent with standard mathematical 

For domains $ and 9’ and a function f:5 — 39’ define the pointwise extension to vectors of size n, 
ie. £:5" — 9’ as the vector resulting from the application of the function to each component of the 
argument. The pointwise extension of a function with more than one argument is defined as the vector 
resulting from the application of the function to the corresponding sosipeanss of each argument. The 
pointwise extension to matrices of size er is defined similarly. For exampie, in linear algebra matrix 
addition is the pointwise extension of scalar addition. Whenever a scalar function is shown applied to 


vector or matrix arguments, its pointwise extension is implied. 


For a domain 3 a partial ordering < is extended to vectors in 9” and matrices in $"%™ by saying 
that one vector (or matrix) is < another if the ordering holds. for each pair of corresponding elements. 
Observe that the pointwise extension of the least upper bound operation for some partial ordering equals 
the least upper bound stain tie the ehocamia' ot the partial ordering. 

For a domain % with partial ordering < and a domain 9’ with partial jeder <\ a function 


f:3 —9 is monotonic if 
ach = fla<'f - 


A function of more than one argument is monotonic if it is monotonic for each argument. Qne can easily 
see that the composition of monotonic functions must be monotonic, as is the pointwise extension of a 


monotonic function. | 
5.3 The Algebra of Signal Strengths 


Logic signals have strengths in the finite set ee re ae 


= £0, ey... Ry Vp ++ tpt a 


which are totally ordered: 


O< 4} <... CaS yy < cae Ty: be 


When two signas combine, thé resung slgal ha strength equal wo the manu ofthe two signal 

strengths. When asia is coupled trough opel conduct, the redoing signal ha strength equal 
to the minimum of the signal and conductance srengths. The binary operations t and dd are defined to 
give the maximum and minimum of their euchenti ie. 


afb = marfa,b) 
alb = minfa,b). 


These operations have properties similar to addition and multiplication, respectively. We will refer to the 
minimum of a set of values as the product, and the maximum of a set of values as the swn. Signal 
strengths can be described by an algebraic system GLL8 7) which satisfies the following (not 


exhaustive) list of properties: 


la. (2, T, 0) is amonoid: 


i abEes => afbes (closed) 
ii. aft(btc) = @Tb)Tc (associative) 
iti. af6@ = Ofa =a (Gis the identity) 


be (3, L, 7p) sa monoid: 


i_saabE > aloes (closed) 
ii. af(oleo) = fal bic (associative) 
iii. aly, = ypla=a (rp is the identity) 


3. | distributes over f: 
al(bTc) = (al b)T fale 


4. If ay, a...» ap... i a countable sequence of elements. in then 
a, Tat... 1a,7 .-. exists and is unique. Moreover, associativity, 
commutativity, ated idempetence apply to infinite as: well as weil a8 finite seras ©” 
(sequences of values combined with 1.) 


5. | distributes over countably infinite sums as well as finite ones. | 


_ Hoperoft, and Ullman {J}. .It-does not. form ating however, because most elements lack inverses under 


_ We can define vectors and matrices of strength values, which will allow us to describe the network 
structure and signal arenas in terms of matrix equations. If the ponies extension of T (i is s applied 
to two vectors, the ——— vector will have elements equal to the components m maximum (minimum) 
of the two vectors. The pointwise extension of T then has Sropertion similar to vector and matrix addition. | 
We can define a matrix product * So seacagth vabies chore {16 xialogoda to adifition and | is analogous 
to multiplication, IFA = Be€, then. . 
ay = Peale cee yee Ba (53) 
The properties of closed seeniring? also ses for the aged when extended to aa matrices. 
That i is gnxa, ts ,6,) aizo forms a closed semiring, where gaxn denotes te set of nxn secka 
oven’ 0 denotes the matrix whose elements are all, and denotes the matrix with rpbon the diagonal 
and O's elsewhere. | 
For any closed scenes, the oe operator, denoted *, is defined t to are t ie p teentte. transitive 
closure of its argument. For example, if A € “mm, 
“SITA TAA T AAA T.  getcoa* on GD 
This operator has the property that 
Sr eeaae ee (5.3) 


The closure operator will be useful for analyzing the conductance paths in a network. 
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The operations T and * obey some of the properties of closed semirings even when applied to . 
rectangular matrices and to matrices of different dimensions. In a matrix equation, as long as f is applied 
only to conformable arguments and ° is applied only to arguments with the number of columns in the 


first equal to the number of rows in the second, then: 


l. Tande are associative 
2. J is commutative and idempotent 


3. © distributes over Tf. 


These properties will allow us to manipulate and transform matrix equations im the strength algebra much: 
as in more traditional matrix algebras. 

The set ¥ with the ordering < form a complete lattice [35] with T and | serving as the least upper 
bound and greatest lower bound operations. Hence the set of vectors ¢" with the extension of < to 
vectors also forms a complete lattice. For this lattice the pointwise extensions of Tf and | serve as the least 
upper bound and greatest lower bound operations, jeaecrively. As i seaees both | and t mit be 
monotonic functions, and therefore : must be as well. Only the most elementary aspects of lattice theory 
will be used in this presentation. 

One further function over strength values will be saaireh to express the ability of a stronger signal 
to block a weaker when both signals are described by their strength values. This will prove important 
when the equations in the algebra of logic signals are factored into equations in the algebra of signal 


strengths, as will be described later. Define the function block ; $x  — J as follows 


block(a,b) = {% 22d | 64) 
ah 0, a<b 
We can apply the pointwise extension of this function to vector arguments. The function block is 


monotonic in its first argument and antimonotonic in its second. That is, if a< b then for any c 


block (a,c) < block (b,c) 
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block {c,a) > block (c, b). 


As a result, it satisfies the following properties with respect to the least upper bound operation f: 


 block(at b,c) = block (a,c) t block (b, c) 
block (block (a, b),c) = block (a, bt ©) 
bf block(a,b) = bTa. 


Furthermore, 0 serves as an identity element for the second argument: 


block (a,0) = a, 


and block is idempotent 


block (a, a) 


II 
» 


This list of properties is by no means exhaustive. In fact all of the above properties hold for the identity 
function of the first argument. However, they will allow usto manipulate and solve equations involving 


the function block . 
5.4 The Algebra of Signal States 


The network model allows node states in the set { 0, 1, X }, with 0 and 1 representing the Boolean 
logic states and with X representing an undefined or erroneous state. We have also introduced a new 
value _| representing a null state. This value will only be associated with the null signal which has 


strength 0, indicating that this signal is devoid of state. 
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The set of signal states is denoted T= { 1,0, 1, X }.and the elements are partially ordered as 


7a 
\/° 


The least upper bound operation for this partial ordering, denoted |J, has. the following function table 


xe OL C 


=x OSG & 
<P X< = 
<< KO 


The rule for combining logic signals of equal strength is that the resulting signal will have state equal to 
the original states if they were equal and state X if they were not. Assuming the value | is only. 
associated with signals of strength 0, this rule is expressed by the operation LJ. That is, if two signals.with — 
equal strength and states x and y are combined, the resulting signal will have state x LI y. The operation 
LI is termed the consistency operation, because for nonnull arelinents it chen a plone vie (0 fe 1) . 
only if the arguments are. both proper-and equal. Otherwise it gives,an error valye X. 

_ The set Y with the ordering < forms a lattice. Hence the operation Lj obeys the following. 


properties: 
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lL yUy=y (idempotency) 
2 xUy = yux (commutativity) 
3. zU(xUy) = (ZUx)Uy . (associativity) 
4 x<y>z u x< oT y (monotonicity) 


The set of signal state vectors ¥" along with the extension of < to vectors also forms a lattice with the 
pointwise extension of L} serving as the least upper bound operation. Hence, the pointwise extension of 
LI also satisfies the properties listed above. 

The lattice <1 <> has both the structure and interpretation of the flat lattices used in denotational 
semantics of programming languages [35, 40].. The "proper" values 0 and 1 are incomparable, while the 
bottom element _L represents an "underdefined" or null value and the top element X represents an 


“overdefined"” or erroneous value. 
5.5 The Algebra of Signals 
5.5.1 Signal Values 


A logic signal is represented by a pair of values <s, y> where s € 3 is the strength and y € Tis the 
state with the restriction that y = _L if and only ifs = 0. That is, only a null signal can have a null state. 


Logic signals form a set 
A= {eye Ke Yee Wp tXL0,1,XF U {<0, L>}. 


The null signal <0, 1.> is denoted A. The expressions +s, -s, and xs denote signals with strength s and 
states 1, 0, and X, respectively. The symbols +, -, and x can be viewed as denoting unary functions 
mapping strength values to signals of a particular state with the convention that +0 = -0 = x0 =A. 


These functions can be extended pointwise to vectors and matrices as well. 
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Signal-valued variables are written with italicized characters, while strength and state-valued 
variables are written with normal characters. 
Let <a> denote the state of signal a and aN denote its strength. These symbols denote functions 


<>:A—> Land - BA 3, 
5.5.2 Signal Combination 


The binary operation V is defined to describe the effect of combining two signals. This operation is 


defined in terms of the strength and state of the resulting signal: 
RaVbl = Bab TESS - 


<>,  abdbon 
<aVb> = <b, rT ba Pf 
<P U<>, Hal =0bE 


This operation provides a formal statement of the rules that a stronger signal will override a weaker, and 
that signals of equal strength will combine to form a signal with the same strength and with state equal to - 
the least upper bound of the two states. Note that this operation has only a distant relation to the Boolean 


“ox” operation which is sometimes denoted V. 
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The operation V defines the following partial ordering among signal values: 


XYp 


of 
es 


®Yp-1 


/ \ 


“Ypl *Y 1 


XY] 


at 
\/ 


XK] 


“Ky / \ +k) 
\/ 


That is a< bif and only if a V b = b. With this partial ordering we must maintain a distinction between 


the terms “greater” and "stronger". The signal xs is greater than -s or +s but not stronger. 
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The set of signal =“ A with the partial ordering < forms'a lattice with minimum element A, 
maximum element yp and with V serving as the least upper bound operation. As a consequence, V 
must be idempotent, commutative, associative, and monetonic. 

We have defined panial orderings for the sets of signal strengths J, signal states ¥; and signals A. In 
many cases the functions from one domain to anether preserve these orderings, i.e. they are monotonic. 
For example, the functions +, -, and x are monetonic, because signals with the same state are totally 
ordered by their strengths. Similarly the function #- # is monotonic because signals of different strengths 
are totally ordered by their strengths. The fuaétion <>, on the other hand, is not monotonic. For 
example ~y) < +73, but €-y)> & i Pt | 

The pointwise extensions of <->, f- fi, sas y Gate daiadd sha cos a eases aed 


thus far. 
§.5.3 Signal Factorization 


As shall be seca, the algebra of logic signals lacks stuny of the properties One might desire in a 
asin clantkh cab ahah tes sd bein ae pases ely Gl canto acreage As a consequence, 
we will often factor equations in the algebra of signals into equations in the more tractable algebra of 
signal strengths to aid the mathematical development: - 

The sicisin ob logit pauls tsaely cosecubled candiplec each wih etreaeeht oacipondiig 
magnitude and state corresponding to phase. Just as a complex number is characterized by either its 
site al ase Gi Sead nd Seely parts a lapel a Chama tned by they tel caren ad 
state or by its "1" and “0” parts. Se re Oa Beet A Bet OF renee Yau (OO wie 
indicating the strength with which the dena will pull paode toward 1, and d indicating the strength with 


which the signal will pull a node toward 0. The following table how the two eapescuiblines of a signal 
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Signal Strength - State 1 part - 0 part | 


a <0, L> (0, 0) 
+5 <3, > (s, 0) 
“3. > & Oy ~ (0,3) 
xs <s, X> (s, s) 


The factored form must either have bork parts equal ‘Or one part equal to zero, corresponding to the rule 
that a stronger signal will override a weaker, and the weaker can be ignored. A signal with state x has 
equal 1 and 0 parts, because x représents ‘a conflict between signals of equal strength pulling a node 
toward 1 and 0. The null del A, on 1 the other hand. has no ability D pull a node toward 1 or 0: 
Observe that the ordering <= between signals is Sllvsent ts to the extension of the eanength ordering < s to 


. ee 


the au form representation. The hoes f r- 1 and L- Ja are © defined to select the 1 and 0 parts of a 


ena aie 
Tai = fital, <a>s10rx: ~ (5.5) 
0, <a> = Oort 
tal = f Fat <c0orn 58) 


0, <€a> = 1or_b 


The factored form of a signal can be viewed as describing two signals, one with state 1 (or _L) and one 


with state 0 (or _L), which when combined will yield the original signal: 
a= 4alV-tel | =h (5.7) 


The sengh of signal equa the masimum of to para 


Hat = rat La SO (5.8) 


The state of a signal can also be determined by.combining the states of the signals represented by its 1 


and 0 parts: 
<a> = €4fal> Lj <-Lal>. (5.9) 


This identity holds, because at least one part of a signal will equal zero unless the signal state equals X. 
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For example 

<4) = <P UO = <+yPUeM@> = 1UL = 1 
When two signals are combined with the operation V, the resulting signal has the following factored 
form: . 


TaV bt 
LaV 63 


block (Tat rb1,haV bu) (5.10) 
block (Lat Lb4,#aV 58) 


In the above equations the function block preserves the restriction tat foe part of signals es tha 


the other (or equivalently, it is less than the maximum of the two pasts), temas equal zo For example 


¥2 
a 


{hese identities fustrate how the fwnction. beck. ee ee eee 
into equations in the strength algebra, 


5.5.4 Signal Coupling 


= _ To complete the set of operations far manipulating signal values we require a means of expressing 
the effect of a signal coupled through a logical conductance. Our rule for signal coupling is that a signal a 
wil be coupled through «logial conductance of nomzro seagh 5 0 forma signal with sen 
all |s and state <a>. In Chapter 4 we defined the function pleAXS—» A tw yield the signal 


resulting from an application of this rule. For our formal developinent, itistead of usthga function with 


different types of arguments, we will express signal coupling with the binary operation © over signat 
values. The conductance s is then represented by the.signal xs, indicating that it can conduct 0 and 1 


signals equally well. Define ° as follows: 
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aeb = +fall Thy) V -(Lad] LbJ). (5.11) 


In other words, if two signals are represented in factored form, ° is equivalent to the pointwise extension 
of | applied to the. corresponding parts of the two.signals,. The signal a coupled through a logical 
conductance s then forms a signal xsea. In all cases used. here, one argument of © will have state X (or 


-L.) This formulation takes advantage of the. fact that if we let 4, denote the set: - 

Ay = {xs]sE3},° 
then the subalgebra (Ay, V, °, A, XY) is isomorphic to the algebra (J, T, |, 0, y p- Thus when the logical 
conductance s is represented by the signal xs, it has the same algebraic properties. 


The operation ° obeys the following properties: | 


1 ie! ca saieana 
i ateteeeicss “anew 


i, . ae(b=c) = {ae dec ....... (ampopiative). 
iii. a°Xy,) = Xyp°a =a _Geap athe identi 


2. is an annihilator for °: 
a°rA =X. 
Thus the algebraic system (A, V, °, A, XY) almost obeys all of the properties of a closed semiring. In 


general, however, ° is not monotonic. For example +7] S ~72, but 


RYT Ay xz a eg! Ry ae 


1 


As a consequence, ° does not distribute over V.~ For example-3:). 25... 


1. Any operation which distributes over the leastupper beard operation for a lattice must be monotonic. 
For example, suppose a < c. If it were the case that.» distributes over ¥ then 


beaV bor = be(aVoc) = bee 


which implies that be a< b° c. The converse statement need not hold, unless the set is totally ordered. 
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x+y) V -¥2) = -yy F Xt, V Xyyor2 = XY]- (6.12) 


This lack of distributivity expresses in mathematical terms that signal paths cannot be analyzed 
independently, because weaker signats may be blocked along a path by a stronger signal with a different 
state. This phenomenon was demonstrated with the networks shown in Figure 4.7. In fact the left hand 
side of equation 5.12 expresses how the steady state signal:on node Ry is formed in the first example of 
Figure 4.7, while the right hand side expresses how the steady signal on node np is formed in the second 
example. This lack of distributivity will cause some difficulty in our mathematical development. 

If we restrict our attention to strong transistors in the 1 and 0 state, however, distributivity (and 


hence monotonicity) holds. That is, if b€ { A, xy, } then 
be{aVc) = bea V bee 


and hence the algebraic system ({ A, XYp}.V, °,X, XYp) does form a closed semiring. In fact, this 
algebraic system is equivalent to the Boolean closed’ semiring: {{ 0.1}, +,-,0,1). This. shows that 
Zesricted logics cawidsciance wenracks Seaocuscti vetay estrella dele aig: 

If one of the arguments to ° represents a conductance value, then © is monotonic in this argumeat. 


That is, if b,c € J, and b <c, thea 
xbea < xc°a ‘ 


for any a€ A. 
The operation © was seen to equal to pointwise extension of | to the factored representation of 
signals. This leads to the following identities: 


Tae bl ral {fst 6.B) 
laebi = Ltaij Lod 
facbi = (fall Fb) fT (Lai [ toy. 


For the common case where <a> or <b> is in the set { X, 1 }: 
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Nacbh = RGN NOR (5.14) 


55.5 Matrix ae 


The matrix product operation oi defined to describe the effes of ist coupling a set of signal 


trough logical conductanoes and then combining them. That is, ife = Aob then 
qs’ v (a “eat i ; (5.15) 


The operation o is closed and ashbciaiive. Therefore the algebraic: system (A"*®, V, 0, 0, I) almost 

obeys the piesenics of a closed semiring, where the identity matrix J has Xp on. the diagonal and A’s 

elsewhere, while the 2ero matrix O consists of all A's. Te pede, Bowe, 6 does not distribute over V- 
In the special case where AE {A, ky, }9%™, though, 


a os teed cae 
and for this restricted case 0 is monotonic. Ths anectahls sakes (iA. HYp xa, V9, &.D then forms. 
a closed semiring. Therefore. we can define the closure operation * for this restricted domain as: 


= TV AV RAV dA V... = ON A®  ($.16)- 
O<k<co 


This closure is isomorphic to the Boolean transitive closure. - | 
Fone ofthe agents to o represents conucane mai hen © monotonic fr thi 


Byres: EUSA Gee 


argument. That is if B, CE #@%4, and B< C. then 
xBoa < xCoa~ | 6.17) 


for any a A®, 
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The following deat follows from the properties of V and», 
WAoba = (TAIT51) T (LAt*LOd). : (5.18) 
For the common case-where each element of A is either a null signal or has state X, i.e. AE A, am 
 bAebt = nan + (5.19) 
A matrix product can also be factored into its 1 and 0 parts: | 


block (TAF B1, i 4ob 8) (5.20) 
block (LAS*L bt, 8.405) 


PAob1 
LAéob 


The pointwise extension of the function block maintains the restriction that each part of a signal must 


equal the strength of the signal or equal 0. 


5.6 Summary 


The concept and properties of logic signals have been formalized into an abstract algebra with a 
domain corespnting wo the signal values and with opt 
and coupling signals. Many of the properties of logic signals are refiettéd by'this algetira: thé domain is a 


ig to thie rules for combining 


small, discrete set, and the operations obey: many desjrabiq, mathematical. properties. Even the 


complications arising from signal blocking are reflected by the lack of distributivity in the algebra except 
0 DRSB aspen astwuoll ob Glcp eb ee Ne 
for a restricted domain. 


The domains and their operations are summarized below. | 
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Signal Strengths 
Elements: f= £0, iy... Kp Ypres Wy ht 
Ordering: O< Ky <1. SYS Sp 
Operations: 
T maximum (least upper bound) 
t minimum (greatest lower bound) 
block signal blocking 
° (T 1) matrix product 
* 
closure 
Signal States 
Elements: Y= {1,0,1,X} 
Ordering: 
yp | ‘ 
0 1 
a 
Operations: 


| consistency (least upper bound) 
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Signals 
Elements: A= {A,+K), KP XK LFV “Vy Xp} 


Ordering: 


“KY tk) 
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Operations: 
V signal combination (least upper bound) 
° signal coupling 
ro) (V °) matrix product 
* 


closure (for restricted domain only) 


Functions from signals to states: 


<-> state of signal 


Functions from signals to strengths: 


Hell strength of signal 
r+ 1 part 
L-J 0 part 


Functions from strengths to signals: 
+ form signal with state 1 (or _L) 
= form signal with state 0 (or _L) 


x form signal with state X (or _L) 
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6. Computation of the Target State 
6.1 Introduction 


The algebra of logic signals along with the related algebras of signal strengths and signal states 
provide a set of mathematical tools for further developing the switch-level abstraction. In this chapter a 
method will be developed for finding the minimum sohition of the meaty State — equation given in 
Chapter 4, which then gives us a method for finding the eal state co a bogical svedictance network. 
This method is then generalized into one for finding the target state of an arbitrary switch-level network. 
This development will utilize only the logic signal abstraction as expressed: by our algebras, along with 
two equations which were derived from the properties of the electrical model: the definition of the target 
state in terms of the steady states of a set of logical coaductance networks given in equation 3.20, and the 
equation for the steady state signals given in equation 4.5. While wecould arrive at the final results more 
directly by utilizing additional properties of the oan model, this oe Gnonaeet that the 
concept of logic signals is quite powerful and self-contained. The carter work oak the electrical model 
was presented only to motivate and justify the more abstract concepts. The i issues of implementing these 
techniques with efficient computer algorithms are deferred to Chapter 7. In particular, the matrix 
notation in this chapter is used only fie inadheniatical convesieace and aced aot wiply that the simulation 


algorithms involve matrix operations. 
6.2 The Target State Equation 


First, let us restate the definition of the target state in terms of the steady states of a set of logical 
conductance networks. The function sarge? (x, y, z) was defined as giving the set of states y which the 
normal nodes would reach if the input nodes were held in state x, the transistors were held in state z, and 
the normal nodes were initialized to state y. With the transistors held in state z the network of transistors 


can be described by a set of logical conductance networks, where a transistor in the 1 state forms a logical 
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conductance equal to its arith i transistor in the 0 state forms a logical conductance of 0 (i.e. an open 
circuit), and a transistor in the X state forms a logical conductance tither: equal to its strength or to 0. We 
have seen that a set of parallel boa conductances can n be replaced by a single logical conductance equal 
to the maximum cement in the set Thus the range of logical conductance networks corresponding toa 
switch-level network in transistor state Z can be described by four logical condyctance matrices: a, 
G™, E™*, and E™., Each element a5 of G™ equals the maximum strength of all transistors. in the 1 
state connecting normal nodes n, and n Of equals 0 if no such transistor exists. The elements of G™™ 
equal the corresponding values for all transistors in either the 1 or the X state. Each element en ij of E™ : 
equals the maximum strength of all transistors in the 1 state connecting normal node n and input node i 
or equals 0 if no such transistor exists. The elements of E™ equal the corresponding values for transistors ; 


in the 1 or X state. More formally, if Tj; denotes the following set of transistors: 


then 
(6.1) 


—_ t 
"i hET mane. 


and 


"i ~ 4 ET wet, x} sty: (6.2) 


In both equations, the maximum of an empty set is defined to equal 0. Both G™" and G are symmetric 
matrices with elements in the set {0, Vp Yp }. In general these matrices are very sparse, because 
each node is connected to only a limited number of other nodes, Similarly, if Tj denotes the following 


set of transistors: 


= {&|(SOURCE(4)=n, and DRAIN(4)=4) or (SOURCE(),)=i, and DRAIN(,)=n) } 


ji | 63 
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: 6.4 
3 4 ET’ ce 


pe {1,Xx } ke 
E™" and E™ are nXm matrices with elements in the set { 0, y,..., Yp}- These matrices may be less 
sparse than G™™" and G™, because some input fiodes (e.g. VDD, GND) serve as source and drain nodes 
for many transistors. The network may also contain transistors connecting input nodes to one another, 
but these have no effect on the logical behavior. To compute the farget state function, we need only look 
at the network of logical conductances described by these four matrices, without considering the 
transistor configurations or states which give rise to them. 

The presence of transistors in the X state implies that the actual conductance matrices G and E lie 
within the ranges: 


G= << G < G™ an (65) 


Let { G } and { E } denote the following sets of matrices 


{E} = {Eley = og (p) or ei, = ei, (0) } 
LG} = {Gla = ex (o)or gi, = eM x(P). and By = Bj}. 
Note that these definitions of { E } and { G } are equivalent to those given in Chapter 4 in tithe of the 
sets of order of magnitude network matrices E and G as were defined in equations 3.7 and 3.8. 
For logical conductance matrices G and FE, let y(G, E) denote the ‘steady state of the logical 
conductance network with these values of logical conductances. Equation 3.20 defines the target state of 
a node in the switch-level network as | 


1, ¥(G,E) = 1 forallGE{G}andEE {E} 3.20) 


0, ¥\G,E)=0 forallGE{G}andEG{E} 
X, else. 
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That is the target state equals 1 or 0 if and only if it has this unique state regardless of the conductances 
formed by transistors in the X state, and otherwise it equals X. This equation can be expressed more 


concisely using the consistency operation Li for me states: 


y G, . : 
y = ia, at y G, E). eves _ 6.6) 


This equation shows that the target state function for an arbitrary switch-level network can be determined 
by computing the Steady states for the logical conductance seeks avon oy all pois matrices 
G and E in the sets { G} aid { E} ‘sid then combining these s states wit the ppetation U. This reise 
the problem of computing the target state-equation for a gwitch-level network to one of computing the 
steady state of a logiealconductance ‘network: As'shall be seen'later, the inetfiod for computing the'steady 
state of a logical conductance network can be generalized into a method for directly comptting the target 


state of a switch-level network. 
6.3 The Steady State Signal Equation 


Let us turn our attention to computing the seady state y for a aide set of aicinis: 
matrices G and E. | | | 
The rule for forming logic’ signats is that an input node forms ’a logic signal with state equal tothe © 
node state and-strength equal:to Y7 ‘AS was defined in Chapter '4;-the vectr' x denotes the set of signals” 
formed by. the input nodes in state-z: 
qx Sy ~ “(67 
xi = py 


Similarly, a normal node forms an initial signal with state equal to the node state and strength equal to the 
node size. As was defined in Chapter 4, the vector y denotes the set of signals formed by the normal 


nodes in state y: 


| yf" = Cap}. 


In Chapter 4 it- was shown that the vector of steady state signals » must be the minimum vector 


sang ie contetiaiats 
¥ = Lub. (on U { cpld x. Xp eis <j<m} U bape) apliss size). (4.5) 


for all i. This equation can bé sees using ope aioest in the algebra of logic signals as 


y= Vv Pies es , Bas 


If the matrices E and G are defined as the matrices of logic signals representing the Jogical conductance 


matrices E and G, i.e. 


xE ar _ - 69) 


Ry 
u 


Fee ee nee ee ee ee 


y= EoxV yV Gop. . (6.10) 


Unlike equations in other algebras, in which all. expressions. involving. the: depeadent: variables can be 
move to one side of the equality, we have no inverse operation in the signal algebra to permit cancellation - 
of the left hand side. Hence the equation for the steady state signal must dae qapressed. 98 a. Fecurrense 


relation. It will be shown shortly that equation 6.10 has aunique minimum solution. 


Mh, eect 
tage: 
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6.4 Solution for Restricted Logical Conductance Networks 


We wish to find the minimum vector v such that »y = f(y»), where 
fi) = EoxV yV Goa 


A general technique for solving such recurrence equations is only known for monotonic 1 recurrence 
equations, ie. ones in which the recurrence is expressed by a monotonic function. In panel the 
nonmonotonicity of the operation o unplied that the fonctibn f may not be monotonic, and hence this 
technique does not apply. For restricted logical conductance networks, however, ia which normal nodes 
may only be. interconnected by conductances of strength ty the function. f is monotonic. That is, a 
restricted logical conductance network has.a conductance matrix 4¢.with each element equal to 0-or ‘py In= 


this case each element of Gequals A or X77. This implies that for any a and 6 
Go(aV b) = Goa Vv Gob, 


and therefore f is monotonic. The following-theorems, a-special.case of one given by Scott [35], shows 


how to solve such an equation. 


Theorem 6.1. 
For a monotonic function f:.A" + A”, the equation 

| a = f@ . 
has a unique minimum solution given by 


gt = ae FO - aes ao ~ (6.12) 


where 0 aieniotes a vector of all » s, and the sapere k denoes | k oie of the function fo 
Furthermore, this limit will be reached for some k < n-} 4 |, where |:| denotes setaize, 
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Proof of Theorem 6.1: 


Consider the following sequence 


& £O, fFO), ..., AO, ..- 


First we will prove that its limit exists. Clearly 0< f(Q, and by the monotonicity of f one can prove by 


induction on k that 
< fle 


Hence the sequence is nondecreasing. Any strictly increasing sequence in A” would have a length of at 
most n-{| A|. Therefore for some j< 1 AI, Ae = 3+ ee; ana then for any k> 5. AH =O. 


From this we can see that a" must be a solution: because — 
on = fo = the - - fo) = fle) 


Finally, suppose for some «, a = f(@). Sodas ddbas oS oc Gamen ty eaeen kas 


a= fe > re: 


Therefore 


Thus ¢ is the unique minimum solution of the recurrence equation.” 

This theorem follows as a special case of a theorem proved by Sot [35 regarding the Ean ee 
point of a continuous function on a continu@us lattice; ae Rees here i is = distantly hen a 
the continuity of real ee In finding the minimum solution ohime recurrence usta a= = f(a) we 
are computing the ibaa Sixes pon oe Anton Ay fetes, iS is thy monotonic 
function ona ‘finite lattice. Scott dint that a reculk similar to sacstioti 6. nT holds for any continuous 
function on a continuous lattice. Finite convergence, however, may not be guaranteed for functions on 


infinite lattices. 
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The process outlined in this theorem of computing the sequence ft (0), SU(O), ..., Ff Kg, wk 


until it converges corresponds to a straightforward relaxation algorithm. ‘Tt starts by setting a; to A for 


each node and then performing relaxations of the form a; +f; (@ until it converges, i.e. any further 


relaxation steps would not charige a Since v we have expressed ‘the method in vector Tout, each 


application of f corresponds to applying relaxation computations at all nodes simultaneously. 


For example the logical conductance network shown in Figure 6.1 models an nMOS Nand gate and 


pass transistor with all transistors in the 1 state. The extra self-loop has been added to % to introduce the : 


possibility of extraneous solutions. Equation 6. 10can be. expatided a as 


‘1 
2 


¥3 


+m V x79" my V x12° %. 
“12 V 472° 4 
- xy 7% V xy ° V3. 


The above equations have the charging signals y left out for simplicity. The relaxatidn’ nvetivod gives tite » 


following sequences: me 
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indicating that all nodes have steady state signals -y> and hence have steady states 0. Observe that an 
extraneous solution never arises because at all times each value a, is less than or equal to the steady state 
signal. 


For this particular equation the minimum solution can be expressed in terms of the closure 


operation. 
Corollary 6.1.1. 
For a matrix GE { A, xy, }"*9, and a vector bE AY, the equation : 
a= bV Gok : (6.12) 
has a unique minimum solution given by Bi dase 
a = Gob (6.13) 


Proof-of Corollary. 6:11: 


The function f(@) = 6 V Go ais monotonic, and an expansion of {*(8) gives 


ph - Viol Pov Gi 
= bV Go(...5V GEV GO...) = Glob = G) FY 
mene eee gagen Perce” | 


Hence 


a = lim pmo goh ...... .. : & 
ks OO eat arat Pa ER j 


This result shows that for arestictd logal conductance nework thesteady state signals given by 


¢ oor (6.14) 


As mentioned in Chapter 5, the tansive lo ieee pieaihcei in this restricted case is equivalent to a 
Boolean transitive closure. Element ij of soa vicars é equats r, if nodes 1; and n, are connected by 
some path of logical conductances and equals A if they are not Thus the matrix G” partitions the 
network into a set of equivalence classes, where n; and n, are in the same class if and only if element ij of 


G equals xy P Since xy Pp is the identity element for ° and J is ani annihilator, computing element i of 
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G" o bin this case simply involves selecting the elerhents of b for the nodes in the same class as n, and 
combining them with the operation V. Thus if we let 6 equal the vector of signals given by Eox V y, 


and node n; is in equivalence class C,, then 


“= MV fg, 
neCs 


Observe that all nodes in a class will have the same steady state signal. If we were only concerned with 
restricted switch-level networks with no transistors in the X state, the computation of the target state 


would be quite simple. 
6.5 Solution for General Logical Conductance Networks 


Unfortunately, the technique outlined for computing the, steady state signal in restricted logical 


conductance networks can fail for general networks, because it may converge on some solution other than 
ee i. =. z 


the minimum. Consider how the proof of Theorem 6.1 relies on the monotonicity of the function /. 
First, itis used to show that the sequence:f\{@) is monotonic. and hense converges. In fact, it appears that 
this sequence would converge for equations of the:form of 6.12 regardless of the monotonicity of f, © 
although this has not been proved formally. More importantly; however; the monotonicity of f is used to 
show that a > f*(0) for any a which satisfies the recurrence relation, and hence the limit to this seiaties 
must be the minimum solution. This result. does not hold ice the recurteice function.f is not 
monotonic. 

The fietwork shown in Figure 6.2 resembles the network stiown' iti Figure 6.1 except that the pass 
transistor has strength y,, and therefore we no longer have 4 restricted logical conductance network. 


Equation 6.10 can be expanded as: mo Cae 
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Fig. 6.2. General Logical Conductance Network Example 


ty V 272°% V X11 °%3 
2 Verney 
x71 °H V x72 ° 5 


i 
"2 
% 


The above equations have the charging signals » left out for siepticity. Fhe minimum solution of these 
equations 6 ¥) = -7>, ty = ~y>,.and ¥; = 7), giving a steady state of 6-on ali-three nodes, just as one 
would expect. The relaxation method gives the sequences: - 

CC ihe | ine > iatine » aioe > ere 

m A 1) "¥2 “%2 “YZ 

a: 6k A 474) °N TH 
The sequence converges with the signal xy, on noge n3, which is greater than the minimum value ~y), 
and therefore finds an extraneous solution with state X onnode my. 

This error arises due to an interplay between the effects of signal blocking (giving a nonmonotonic 

recurrence function), and the possibility of extraneous solutions of the equation. The network of Figure 
6.2 has been contrived to cause this interplay. On the second relaxation step we eins information 


about the path from VDD to nz in setting a3 to +7), and this value is not less than or equal to the steady 
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state signal -y,. Due to the Sessa of the self-loop at n3, this information will remain during further 
relaxation steps. When the third relaxation step introduces information about the path from GND to n3 
into 43, it combines with the old value of as! to give mY} ‘instead of 1 "Thus our relaxaticn method does 
not take the effects of signal blocking into account t propery aad hence may reach an extraneous solution. 
While this example seems rather contrived, similar effet can occur “with more realistic (but larger) 
The steady state signal for a general logical conductance network can be found by a method of 
conditioned relaxations which first computes the strength of the steady state signal and then uses this 
information while computing successive relaxations, to prevent a node from being set to a nonnull signal 
weukér than the steady state signal. For Serie ae for as network shown in noe 6. 2, we could 
determine that the steady state signals will have strength 120 ‘on nodes m and im and will have strength ” 
on node n3. In generating the sequences ‘of values on each node, any y time our ‘rignal method wild last 
the node to a signal weaker than ihe steady state signal, we. val instead set it to A. This gives the 
following sequences: 
a A UA. “¥2,..7%2 YD 
m: dX "Yq, -7%2, 770272 
my: A OA Me OYE TH 
The dana +y, is weaker ae eet) State signal for ae im ae ae ra first siecuind 
computation at this node will give a value A. “A8’a consequence, the sel) Sar propagated to 
node ny and will never create an extraneous _ This caer =~ how the conditioned relaxation 
a beevents extraneous signals from saree by ‘cling =e soe Last hae can become 


extraneous. We will now prove oncaai that this method produces the correct results. 
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6.5.1 Factored Equations 


The method of conditioned relaxations can be derived formally by factoring the steady state signal 
equation into its 1 and 0 parts, giving more tractable equations in the algebra of signal strengths. All 
elements of E and G are null signals or have state X, which implies by equation 5.19 that 


WEox = BEboixh = Ectxfl 
HGorvl = IGhe ty Gellyi. 


Heh = EcOxt ty? Geir (6.15) 


which shows that ll » 8 Betisties aisecanrence relasion of Une: form vl = h(i yf), where the function h is 
monotonic. Recurrence relations for rv and Lyd can Vederived as well: 


re = block (E*Fx1 ' ryt Gert, mp (6.16) 
Lvl = block(EetxI Tlyt 1? GeLrd, wr. (6.17) 


Thus, if we could determine the value of fyi, we would have recurrenée relations of the form 
Fvl = f,(F v1) and Lyd = fo(Lvt), where both f, and fp are monotonic functions. We will show later 


that Hy H, Cv, and Lyt must be the minimum solutions of their respective recurrence equations. 
6.5.2 Recurrence Equations in the Strength Algebra 


The minimum solution of a monotonic recurrence equation in the 1 strength algebra can be found by 


a relaxation method similar to the one shown for the signal agen as is is proved in ie following ‘hsrete: 
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Theorem 6.2. 
For a monotonic function f:S" —+ ¥", the equation 
a = f(a) 
has a unique minimum solution given by ; 
a =. lim = pkg (6.18) 
k—+ © 


where 0 denotes a vector of all 0's. Furthermore, this limit will be reached for some k < n-| |. 


The proof of this theorem parallels the proof of Theorem 6.1. For equations of the form of 6.15, the 


minimum solution can be expressed in terms of the closure operation. 


Corollary 6.2.1. | 
For a matrix G € #"*" and a vector b € ¥*, the equation 


a= bt Gea 


has a unique minimum solution given by 
s 
am" = G ob. 


The proof of this corollary parallels the proof of Corollary 611. Observe that this result holds for 
strength values in unrestricted as well as restricted networks. . | 

As a conclusion to our study of recurrence equations in the strength ‘algebra, let us look at the 
relation between solutions of different equations. Define the relation < between two functions f and g 
as f < g if and only if fla) < g(a) for all ‘ The iui theorem shows that this relation will then 
hold between the minimum solutions of their respective secate sciantloiat This diearesi will on 


valuable in comparing the steady state signals of different logical conductance networks. 


Theorem 6.3. 


If monotonic functions f:"° 4 #" and g :° — J" are ordered f << g and a™" and yr are the minimum 
solutions to the equations 


= f(a) 
b = g(r) 
respectively, then 
ae <p 
Proof of Theorem 6.3: 


By induction on k f*(0) < g*(0), and therefore. 


This theorem is also a special case of one given by Scott which states that the least fixed ont 


peta is monotonic wohel applied to monotonic function -: — 
6.5.3 Solution Technique 


The mioene heorem shows that the minimum sahibes! of equations 6 15, 6. 16, aad 6. a7 6 


indeed lead to the value of the sacar state po 
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Theorem 6.4, 

For a matrix G € #°%", and a vector 6 A", define Gas G = xG. The unique minimum solution of 

the equation a = f(a), where 
2 x 2 MEE B RT PR eee jo = b Vv Go - ze (6.19) 


is given by 

= +m y -o 
pte = fylw) and d= Sytd), respectively, 
and the functions f; and fy are defined as: 


sf 


4M) = Plock(1T Gea aw “6®) 
fo@) = Block(LbIT Gea, (6.22) 
| r= Gone. 6.2) 


Se ee OE OE ee ace tn pendent eares mainly 2 cone ones meen ot 
requires proving many subtle points Primarily, it involves showing that te signal vecos,+ut* V -@M 
satisfies the recurrence relation a = f(a). It is then straightforward to prove that it must be the minimum 
solution. _ ak 

If we let the vector 5 in equation 6.19 staal E ox V . den we can apply Theorem 6.4 to find the 
steady state signal v. Alternatively, the result of ‘this thebvem can be expressed ih’ a manner ‘more 
suggestive of a sequence of conditioned’ relaxations ate “in the signal algebra ‘Define the function 


kill AXS 4 Aas 
kill(a,b) = block (Fa, b) V ~block (Lat, b). ica (6.23) 


In other words 
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kill(a,b) = { %Hal>b 
eh) UA, ball<b. 


This function expresses our technique of killing any signal weaker than some strength value. The 


following corollary to Theorem 6.4 describes the method of conditioned relaxations. 


Corollary 6.4.1. 
For a matrix G € #2 X2. and a vector bE A", if Gis defined as G = xG, then the minimum solution of 
the equation a = f(a) where 


is given by li 9 ce 
as rt , 
- ne ae (6.24) 
£ hae ‘ " 
S@ = kll(@. vd. (6.25) 
aad 
r= G nbn. 


The proof of Corollary 6.4.1 is:given Appendix II. It proceeds by factoring the function f“ and 
showing that 
ro = tO V hy*O. 


With this, one can easily see that the esti cee 


_. The conditioned relaxation method succeeds where. the straightfi 


because the function f’ is monotonic over the domain { a| a < @™, and a = block (a, af )) where 
es function f may not be. Puermots: fi is closed over this cone ee when successive values of 4 
are formed by repeated applications of fr we will ae a monotonic sequence converging to a™™, This 
result is given as a corollary to the main theorem, because it does not generalize to switch-levél networks 


containing transistors in the X state while the method given in the theorem does. 


= 
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6.6 The Target State 


Returning to ) the problem of computing the target state y ofa ayitelt: level network, where the 
ietdior’ may have conductance matrices i in the sets 1s { G } and { E}.y we saw W that the target state could be 
found by computing all posible ee states y 1G, aa and then combining these posible states with the 
consistency. operation U. Such an eeed however: would have écouneatiat complexity if a large 
number of transistors were in state x. Instead, we will derive a method of directly computing y by 
generalizing the method of Theorem 6.4. ee areas 

To determine the target state Yj of node n, we need only find the range of values Fr (G, ie can 
assume. If some setting of G and E can be found which gives 1 or X for. y. y <G. E), and some. other seting 
can -be found which gives 0 or X, then vi equals X: If; on the other hand, either of these two attempts 
fails, then Yj equals the state ‘found by the other attempt. Define uG, BE)’ ‘as the vector of teady state 
signals for the logical conductance fietiteke with: conductance. matrices and E. Then y y{G. E) ae i 
or X if and only if v,(G, E)'1 is greater than'0. Similarly, y ,(G, £) equals 0 ef X if and only if Lv(G, E) 
is greater than 0: This suggests thai’ the target. state of a node can be found by performing two 
optimization processes. The first maximizes [ y; (G, E)1 for all possible G and E giving a result u™, while 


the second maximizes Ly,(G, E)4 giving a result o, These values can be combined to give the target 


State: 
" 1, u™,>0andd™,=0. (62) 
Fi = 0, a%>0andu%, =0 
x, ca, 


That i is, the target state will equal a proper a @ or ri) is and only if the Sortesporiding optimization 
process succeeds (obtains a nonzero value), while the other fails. This can be expressed by the following 


equation: 


¥, = <u> LU <-d™>. (6.27) 


At first this optimization approach might not seem to improve on the full enumeration technique. 
It seems to call for a separate set of optimizations for each node, with each involving the trial of a number 
of conductance matrices. Fortunately, these difficulties do not soe Instead, - values F v(G, E)1 will 
be maximized for all ae with one particular pair of matrices Gad E, and a similar result holds for 
Lv(G, E)J. Furthermore, these values can be maa Ren ee ever finding the sarticulsr values of G 
and E which give rise to them. Instead, the vectors u™ and d™ can be siaiesiied directly by slightly 


modifying equations 6.20 and 6.21, as is shown in the following theorem. 


Theorem 6.5. 
The target state y of a switch-level network is given by 
J = <*> 1)<-2, (6.28) 


where u®™ and d™ are the minimum solutions of the equations u = g,(a) and d = gq(d), respectively, 
and the functions g, and gq are defined as . 


£00) = Sock (Eo Txt t Fy T Goan - (6.29) 
Bg@) = block(E™slLxl ft yl tT G47), (6.30) 
r= Ghent T ty®. : (631) 


The full proof of Theorem 6.5 is given in Appendix Il. It involves showing that 


= t : 
um {G}{E GD. (6.32) 


where u™ equals the minimum solution of equation 6.29, and u™G, E) equaks the minimum solution of 


the equation u = f,(w) for 


fila) = dlock(E*Tx1t fy1 7 Gea, Ge(Et xa Tt ayl). 
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That is u™"(G, E) equals [ (G, E)1. We can see that u* must be greater or equal to any u™"(G, E) for 
any G in { G} and E in { E} as follows. For any such G and E, G™"<<G<G™ and E™"<E<E™, and 
since block is monotonic in its first argument and antimonotonic in its second, this implies that fi < 8: 
Therefore Theorem 6.3 sigue that u° must be greater than or equal to u™(G, E). To complete the 
proof, we need only find a matrix G € { G } and a matrix E € { E} which give u™"(G, E) = u®™. The 


following matrices satisfy this requirement, although the proof is rather tedious: 


em. Tx:1 = 0 
“ij = { me Fe 1>0 
e ij xj i 


Observe that these matrices are defined in terms of the solutions they lead to. Our solution technique 
bypasses the search for the optimal settings of G and E and yields the optimal solution directly. By 


symmetry, one can see that a similar result holds for d™. 
6.7 Explanation and Example of the Solution Method 


Theorem 6.5 describes an efficient technique for computing the target state of an arbitrary 


switch-level network. First we compute the vector r by applying the relaxation method to the equation 
r= E™eilxi TU yl T G™er, (6.33) 


which gives the same result as equation 6.31. The elements of r equal the strengths of the steady state 
signals in the logical conductance network formed when only transistors in the 1 state are conducting, 
since the equation involves the matrices E™" and G™". For any allowable values of G and E, any signal on 
node n, with strength less than r; will be blocked regardless of the conductances of transistors in the X 
state and hence can be killed. We then compute the vectors u™ and d™ by applying the conditioned 


relaxation method to equations 6.29 and 6.30. These computations consider transistors in both the 1 and 
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X state to form logical conductances equal to their strengths, giving G™™ and E™ in the first argument to 
block in both equations, but any strength value on node n; less than 1; 3s blocked. "The computations are 
performed separately for the 1 and 0 signals, so that a signal {represented by a strength value) will not be 
killed if it could be.the dominant signal for some set of transistor conductances. Signals of state X can be 
considered to have both state 1 and state 6, and hence they enter into both computations. Once these 
strength values have been found, they can be combined te give the sarpet states: 

This technique requires no enumeration over Possible sets of transistor conductances whatsoever. 
This method cannot be formulated as a more intuitive miéihod in the ‘signal algebra, such as the method 
shown in Corollary 6.4.1, because our optimization technique does not correspond to the operation of any 
single logical conductance network. Furthermore;‘no spies Siethod has been obtained for restricted 
networks, because transistors in the X state in some ways resemble weak transistors, That is, the signal 


paths in a restricted network cannot be analyzed independently when transistors in the X state are present. 


Fig. 6.3, Switch-Level Network Example 
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This method can be illustrated by the example shown in Figure.6.3, representing an nMOS Nand 
gate with both inputs equal to 1 connected to a pass transistor in state X. Assume that node n3 has Size Ky 
and initial state 0. The recurrence equation for rcan be written as: 


Ty = yy 1 2!) 
9) ¥2 T Gott) 
tT Ky. 


i 


The minimum solution of this set of equations is Ty = = 2, and F3 = ky. The recurrence equation 


for u™ can be written as 
uy = block (y, T (yz Lug) T (y2.1 uy) ¥2) 
uy = block (12 1 uy, 2) 
U3 = block (72 1 Uy, Ky). 


The minimum solution of this set of equations is u™, = u™, = u™, = 0, indicating that regardless of 
the conductance formed by the pass transistor, no signal with state I or X can form on any nodes. Even 
though the ‘pullup transistor provides a signal of strength +y}, our computation correctly recognizes that 


this signal will be blocked by the signal -y». The recurrence equation for d™ is 


dy = block ((y_ $49) T (v2 $43), ry) 
dy = block (y, T (yz 14). 2) 


The minimum solution of this set of equations is d™) = d™ = d™3 = y>. Thus, ane these values are 
all nonzero, while the values of u™ are all 0, all three nodes have a target state 0. 

If the same network has initial state 1 for n3, we would find that u™3 = Ky, while all other 
elements of u®™ and d™ have the same values as before. This gives target states y) = - = 0, and 


¥3 = X, indicating that the unknown conductance of the pass transistor creates an ambiguity in the target 


state of node Ny. 


- 138 - 


6.8 Properties of the Target State 


Now that we have a mathematical description of the target state, several useful properties can be 


demonstrated. 
6.8.1 Monotonicity 


Our partial ordering of signal states ranks states according to how well defined they are. The state 
_L is underfined, i.e. it represents an absence of information. This state will never appear on a node in a. 
switch-level network, because all nodes store information dynamically and hence can never be devoid of 
state. The states 0 and 1 are well defined, i.e. they #epresedtt a consistent degree of information. The state 
X is overdefined, ie. it represents conflicting information. The following een shows that the target 
state function is monotonic for this ordering. This indicates that setting some node or transistor to X can 


only lead to target states for some nodes equal to X which would otherwise equal Boolean values: 


Theorem 6.6. 
Ifx<x',y<y,z<z’ then 


target(x, ¥,2) << target(x,y',2). 


Proof of Theorem 6.6: 
This theorem can be proved by comparing the derivation of the target state for initial values %Y,z 
(which will be shown with unprimed values), with the derivation for initial values x’, y’, 2’ (which will be 


shown with primed values.) Compare the function 
&(u) = Block (Ee Tx1 7 yl fT Goan) 


with the function 


8, (u) = block(E™' * x1 T Fy1T Ge sur), 
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where 


r = G™".(E™ oH T-Hyl), 


and 


r= G™ (Em ox’ HT Hy’). 


One can see from equations 6.1, 6.2, 6.3, and 6.4, that ifz < z’ then 


1 
IV 
1 


i 
IAA NV 


Since the strengths of the initial stimulus signals are determined only by the node types and sizes, 
Nxit=ix'll, andiiyl=Wy't. Therefore r>r’. Furthermore, if x < x’, then x < x’ and therefore 
Px1<x'l. Similarly, Fy1<fy'1. Therefore 81 <8, and by Theorem 6.3, u™* < u*’, By similar 
reasoning, one can see that gy) < gp’ and therefore d™* < or, Observe that the function of b whose 
value is <+b> is monotonic, and therefore <tu™> < <u> and by similar reasoning 


<-d?> < <-d®’>. Finally, by the monotonicity of LJ 
target (x,y,z) = <+u™> J <-d@> < <+u™> 1) <-d™> = sarget(x',y’,z’). | 


The monotonicity property then extends to the functions stepy and phase. 


Corollary 6.6.1. 
Ifx <x’ andy < y’ then 


step,(y) < step, dy’). 
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Proof of Corollary 6.6.1: 


One can sce from the table in Section 2.5 that trans (x, y) < trans (x’, y'). Therefore 


step,(y) = target (x, y, trans(x,y)) < target (x', y’, trans(x’,y')) = step, y’). | 


Corollary 6.6.1. 
Ifx <x’ andy <y’ then 


phase{x, y) < phase(x', y’). 


Proof of Corollary 6.6.1: 


By Corollary 6.6.1 and induction on k, 
step,*(y) < stepy*(y). 
Therefore 


= lim k lim ken ' 
phase{x,y) = kn 0 Px ” < eo 00 OP’ (y’) = phase{x', y’). E 
These results show that the presence of an X value.on a node can only lead to new network states which 


have some nodes set to X which would otherwise be set to Boolean values. 
6.8.2 Stability of the Target State 


The target state is claimed to be the set of states which the normal nodes would eventually reach if 
the input nodes and transistor states were held in states x and z, and the normal nodes were initialized to 
state y. To really prove this, we must show that once the network reaches the target state, it will stay there 
until some input node or transistor changes state. While this stability can readily be seen for the steady 
state of a logical conductance network, it is less clear for the target state of a switch-level network. The 


following theorem eliminates any such doubts, 
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Theorem 6.7. 
If y = target (x, y,z), then y = target (x, y,2). 


The proof of this theorem is also given in Appendix II. It involves showing that the terms ry and 
Ly4 in equations 6.29 and 6.30 can be replaced with terms fy] and L y.J where y is the vector of signals 


with ith element having state equal to the target state y; and strength equal to the node size cap,. 
6.9 Summary 


Our entire development of the switch-level model so far can be summarized. by three equations 


r= EMeixt Tay T Ger (6.33) 
u = block(E™*fx1t fy1 tT Gun) (6.29) 
d = Block(E™*Lxi t Lyl T Gedy). (6.30) 


By finding the minimum solution of the first equation and then’ using this value in computing the 
minimum solutions of the other two, we obtain two vectors of strerigth values u™ and d™ from which the 


target state for each node cati be computed as 


o 1, u™; > 0 and dm =0 (6.26) 
as 0, d™: >Oand u™, =0 
X, else. 


Consider how far we have progressed from the electrical eixcuit-oriented view of the switch-level model 
provided by the original definition of the target:state in Chapter 2. This new method involves only simple 
operations in a discrete algebra, and the equations:can be solved by a straightforward iterative method. - 
Furthermore, it finds whether nodes are sensitive to the.unknown.condactances formed by transistors in- 
the X state (and hence should have target state X)} without enumerating over possible combinations of 
transistor conductances. Thus, it can be implemented by a very efficient computer algorithm as is shown 


in the next chapter. 
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7. Simulation Algorithms 
7.1 Introduction 


Theorem 6.5 defines a straightforward method for computing the target state function, and this 
method can be implemented by an efficient sipodiiin to serve as the basis of a switch-level simulator. By 
exploiting the locality of both the interconnections and the activities in the network, the program can 
achieve a performance comparable to logic gate simulators. First a unit delay simulation algorithm is 
presented which provides the same functionality as the program MOSSIM [9] for designs which can be 
described in the MOSSIM network model. Next, it is shown that a slight modification yields a simulator 
with a timing model similar to Terman’s program [5], although the functionality of the two algorithms 
differ significantly. The new algorithm differs greatly in its style from both of these previous algorithms, 
largely because it is based on solving equations in a well-defined mathematical domain rather than on the 
intuitive ideas of the simulator designers. These simulation algorithms are compared and contrasted 
toward the end of the chapter. Some performance data from MOSSIM are presented to demonstrate the 
performance characteristics of switch-level simulation and how it compares to logic gate simulation. All 
algorithms are presented as "Pidgin Algol" programs as defined in Aho, Hopcroft, and Ullman [1]. 

Before delving into the details of the simulation algorithm, let us consider its intended mode of use. 
Suppose the design to be simulated will operate as a synchronous circuit with a conservative clocking 
scheme. That is, some external set of clock signals will be provided through input nodes which control 
the sequential operation of the circuit such that as long as these clocks run slowly enough, no timing 
errors can occur. Each clock cycle can be subdivided into a set of simulation phases (called "epochs" in 
Mead and Conway [37]) where during each phase, all clock and data inputs remain constant. For 


example, a two-phase, nonoverlapping clock contains four such simulation phases: 
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Phase 

12 3 4 
Phil 0 1 86 06 
Phi2 0 0 0 1 


During each phase, the circuit has suficent time to stabilize. 

To model the functionality of such a circuit, a simulator can a simply eainpnit the state in which the 
network would settle for Sch phase ee aah clock cycle, sting the cock atid data inputs to new values 
between the phases. The function phase defined in Chapter 2 as pha, ~~ = nie step’ 0) serves 
this purpose. To the user, this etal provides the effect of a unit aes Be model in which 
transistors switch one time unit (i.e. on the next a ae of x.) ater their gate sade es change State. 
Such a ieenmigue provides only limited information about the : speed of thie actual arcu but gives an 
indication of the function computed. The characteristics of this and other + timing siesta are discussed in 
Chapter 8. a a . 

This technique has been applied to ular: self-timed systems [36] ss well, in which activities 
may occur independently and peyectroncealy: Each phase then corresponds toa particular eq of the 
input data and contiol signals, and it is assumed that the circuit wil wails before me pues are changed. 


Although actual circuits may not obey these SSUEPuONS, almost all can ti be modeled as if they did. 
7.2 Complexity Model 


In a switch-level network, each node could be connected to every other node by any number of 
transistors, giving an unbounded number of transistors relative to the number of nodes. In practice, 
however, the number of transistors grows only linearly with the ‘iuaybe? of nodes due to the limited 
connectivity allowed by a two-dimensional ssieseed circuit chip and to ee and functional 
considerations. To evaluate simulation algorithms, we should have a model of the complexity of 
networks which more closely matches actual circuits. The following set of assumptions has been observed 


to hold for a variety of designs, although it has not been subjected to a rigorous study. 
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Define the connectivity set of a node as the set of transistors for which the node serves as the source 
or drain connection and the connectivity degree as the se of tis i The fanout set of a node is defined 
as the set of transistors for which the node serves as ree gate connection, and ine fanout eevee is cefines 
as the size of this set. An informal study of a variety of design has sh shown tha almost all normal nodes 
have Coney Cas less than 5. Exception include large busses and te output nodes of large Nor 
gates! apne nodes expecially VDD and GND, however: may y have a a igh degre of soanestiviih A 
oe statistic holds for faut degree with the exception of nodes = providing malor santi6l oe such 
as clocks and reset or enabling commands. 

We will assume the network may cone nO) (i.e. a constant aumee?) of input des each with 
O(n) fanout and connectivity degree, where n is the umber of nonmal nodes. At Od) subset of the 
normal nodes may also each have O(n) ae and Souimectiviiy Meaiee bit. hei remaining normal nodes 
must each have O(1) fanout and connectivity re From either the sano or a connectivity 
assumptions, one can see that the eee can contain only o(0 transistors. | | | | 

The sparseness of interconnections in a bien: design leads to a Hcaization of the activities. When a 
node changes state, generally only a small aanbes of nodes will saa directly affected. Furthermore: it in 
most synchronous designs, each logic saleai will be screed nly a small sumabee of times 5 during each 
clock cycle. That is, during a single simulation phase, information will only propagate from the outputs 
of one set of storage elements through some Combine et logic to the mae of other (or perhaps the 
same) storage elements. = aowing for a smail number of dynamic hazards amcanaised pulses caused 
by unequal path delays) each node will — state only oC) times curing sacki sass, In fact, 


experience has shown that often significantly fewer state changes 0 occur. For example, in a random access 


1, Structures involving many transistors of the same strength and type connected in parallel, such as 
large Nor gates could be simulated more efficiently if they were modeled by special “multi-transistors” 
which have multiple gate nodes, any of which can activate the switch. A simple count of the number of 
gate nodes in the X and‘1 state would indicate the state of such an element. 
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memory, only a small percentage of the nodes change state during each clock cycle. While this example 
represents an extreme case, most networks contain only a small number of active elements at any given 


time. 
7.3 Sparse and Incremental Equations 


Our complexity model shows that the connectivity in the network is very sparse, and that changes in 
the network state occur only incrementally, i.e. a small number of nodes at a time. A well-designed 
simulation algorithm can exploit both of these reductions in complexity and thereby achieve considerably 
better performance than would a naive implementation of the matrix equations. These techniques will be 
demonstrated by developing algorithms for solving sparse and incremental equations in the strength 


algebra. 
7.3.1 Sparse Equations 


Suppose we wish to find the minimum solution of the equation a = f(a) where f:/" — #" can be 


expressed as 
. = . T oe . 
Y@k = 1 ne phi (7.1) 


The set P; is called the adjacency set of node n; and in our application will equal the set of normal nodes 
connected to the node by transistors in the 1 or X state. We will assume that all connections are 
bidirectional, i.e. n& P. if and only if ni € Pi. Furthermore the function f is assumed to be both 
monotonic and passive. The general definition of passive functions is described in Appendix II, but for 


the function f above implies that for all indices i and j and all strength values s, f, i <s. 
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As an example the function f; defined in equation 6.20 as 
fula) = dlock(TH1T Gea) 62) 


can be expressed in this form with b; = block (F5;1, 1) and f. ij) = block (8); 1 aj, r;). One can see that 
J, is both monotonic and passive. This example also motivates the term “passive” which corresponds to 
the property that a anal coupled through a logical conductance can never be increased in strength. This 
example also demonstrates how the locality of interconnections in the network lead to sparse matrix 
equations. Element ij of matrix G can only be greater than 0 if a transistor in the 1 or X state connects 
nodes n, and ny. By our assumptions about network connectivity, | Pj | can be O(n) for only 0(1) values of 
i, and must be O(1) otherwise. Therefore =| P | must be O(n). ~ 

The following program solves this equation where S denotes some data structure such as a stack in 
which elements can be inserted (push) and removed (pop) in unit time. The order in which elements are 


removed is unimportant. 
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procedure SOLVEN(/): 
begin 
S — @; 
for i — 1 until n do 
begin 
++ b;; 
push(S, n;); 
done; t— false 
end; 
while S 4 @ do 
begin 
n, + pop{S); 
if done; = false then 
begin 
done; + (rue; 
’ for each a, E P, do 
if f j@) > a; then 
begin 
aj — F(a): 
done; -~ false, 
push(S, n,) 
end 
cal 
end; 
return(a) 
end 


The procedure SOLVE] resembles the relaxation method outlined in Chapter 4, except that it tries 
to minimize the amount of computation by computing the effects of a node value on adjacent nodes only 
when the value changes. It starts by setting all nodes to the initial values given by b and placing the nodes 
in the list S. At any time, any node ni in the list for which done; equals false has had a new value assigned 
to aj, the effect of which has not been propagated to-neighboring Soden: The procedure performs a series 
of relaxations, each of which starts by selecting a node a from S such that done; equals false. The effect 
of the value aj on each neighboring node in Pi, ie. f i) is computed, and if this exceeds the previous 
value on the neighboring node, the neighbor is updated and placed in the list with done; set to false. This 
may lead to duplications in the list S, because n, may already be on it. The flag done;, however, provides 


a means of checking whether the effects of the node value on adjacent node values have already been 
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computed. This technique eliminates the need to test a node for membership in S before adding it to s) 
These relaxations continue until all nodes are consistent with one another, i.e. any further relaxations 
would have no effect. 7 
The correctness of i procedure SOLVE] relies only on the monotonicity of f. This can be proved 
by inductive assertion on the number of relaxation steps (i.e. ree of thie ‘While loop bady.) Let ak 
equal the value of the array a after k steps. It is claimed that for any k, b << aX = st and for any j such 
that done; equals true, f ij ‘)<a; for all i in P.. This clearly hokis at the start, because 
=a? = =f(0) < a™ and done; equals false for all j. Now suppose this assertion holds after relaxation 


step k. A relaxation step involves propagating values according tothe set of functions f i and therefore 


ak < akt+l < ak + pak), which gives 
b< ak < aktl < okt pak) < am typ) = 


Furthermore, the second part of the assertion clearly holds, because the program sets done; to false any 
time a; has been changed and only sets it to true once the effects of the new value have been computed. 
By induction the assertion must hold when the procedure terminates with done; equal to true for all j. 
This implies that for the final value of the vector a, a; > f(a) for all i and j. We also know that a; > b; 
for all i, and hence a> f(a). By the monotonicity of f and induction on k, a> f*(a) for all k, and 


therefore 


I hi 
o> foe fo = 


Combining this inequality with the inequality of the induction assertion gives. a = a™* when SOLVE1 


terminates. 


1, One could test the flag done; before inserting a node in § to avoid duplication in S, but the method 
given here leads more naturally fe our further developments. 
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To analyze the complexity of this procedure, observe that a node is pushed on sag i its value 
is increased. Thus each node n; can only be pushed a maximam of iat tenes, each time canting at most 
one relaxation step requiring | P; | Speronons Therefore the sgorithim has 8 complet less than or equal 
to OCZI FHP, ) = OUF/-E/ P. ) = OC Fhn). 

The following example shows that this degree of complexity can actiially be realized. Define b as a 


5 ee 


vector of decreasing strength values followed by 0's, i.e. 


‘ | a ee 


Let P; = { ny }, P ={n). ee and P; = {nj -} Nyy } for b<i¢n. Define fj sme Menuty function 
for ni € P;. This example corresponds to a linear chain of normal nodes with sith nodes having initial 
signals of decreasing strength. Suppose that S is anlemented = as a dance aes that nodes are selected from 
each set P; in order of their subscripts. SOLVE] will ~~ set all nodes ni such that i > p+q to xy, and 
then it will set all nodes n; such that i > p+q1 tox, ‘ase SO.0n n through all possible strength values until 
finally all nodes are set to y p" Thus, the worst case complexity of a SOLVE] equals O(| £|-n). 

For most MOS networks we can assume that S is a very small set. For example, the network model 
of MOSSIM can be implemented with f = { 0, x), yj, 72 }. Therefore SOLVE] provides a linear and 
hence optimal solution. Nonetheless, our worst case example shows that SOLVE] can waste much effort 
in propagating values which will only be overridden later. A slight refinement, however, leads to an 
algorithm with complexity O(n). It replaces the list $ with sia artay of lists B, with one list for each 


possible strength value. 
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procedure SOLVEZ(S): 
begin 
- for each s € S do Bis] — 2; 
for i— 1 until ndo 
begin 
_ ab: 
push(Bfaj], 1); 
ag: co 
PROPAGATEQB, a, f); 
return(a) 
end 


In this program node 7 is inserted into the stack corresponding to the initial value b;. The procedure 
PROPAGATE, defined below, then spreads these values through the network. 


procedure PROPAGATEQB, a, f): - 
begin 
St Yp 
repeat 
begin 
while B{s] +4 @ do 
begin 
n, + pop(Bis)); 
if done; = false then 
begin 
done; — true; 
finit; + false;] 
for each n; € P, do 
if f,{a;) > a; then 
2 


aj — Fifa), - 
aL 4) 


The function pred in this procedure is the predecessor function for S. That is, pred (0) = 0, and for s > 0, 
pred (s) equals the greatest element of f less than s. This function is used to enumerate the strength values , 


in descending order. The line enclosed in square brackets is required for our next extension of the 
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algorithm. 

The procedure SOLVE? operates much like SOLVE], except that a node is selected for relaxation 
only if it has maximal strength of all nodes for which done; equals false. It does this by keeping the nodes 
on separate lists according to their strengths and going through these lists in decreasing order. It relies on 
the passiveness of f to assure that if a node of maximal strength is selected for relaxation, no nee will be 
set to greater strength during the remainder of the computation. Therefore each node is selected for 
relaxation only once, and hence the complexity of SOLVE2 equals O(| P; |) = O(n). It is unclear whether 
SOLVE2 will actually achieve a better performance than SOLVE], because the cost of implementing the 
array of stacks might exceed the gain in efficiency. This depends on the details of the programming 
language as well as on the networks to be simulated. Nonetheless, we shall pursue the algorithm for 


SOLVE? for further development. 
7.3.2 Incremental Equations 


As an extension of this technique, suppose that we have computed the minimum solution a™" of the 
equation a = f(a) with f defined by equation 7.] and now wish to find the minimum solution a™*” of the 
equation a = f’(a), where 


f(a); = bi; ii - 
J 


Z pe yp: 
and f’ obeys the same restrictions as f. Furthermore, assume that bi differs from b; for only a small 
number of values of i, that f i differs from f. ij for only a small number of values of i and j, and that 
P; & P’; for only a small number of values of i. 

For the example of the firnction Ff, given earlier, the differences between b; and bj reflect changing 


input node states or changing connections to input nodes. The differences between f ij and f ii and 


between Pi and r ; reflect changing connections between normal nodes. 
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The differences between the functions f and f’ can be regarded as perturbations of the function f. 
That is node n; is perturbed if b; <b), P; A PS, ij xf" ip 8S ji ae i ji: Such a perturbation can only 
affect nodes in the vicinity of node n., where nj is defined to be in the vicinity of n; if there exists some 


path from nj to in the graph with edges defined by the connectivity sets P’ x: Thus, the new equation 
can be solved "incrementally", by only computing new values for those nodes in the vicinity of a 
perturbed node. 


procedure INCR_SOLVE(/, f”, a): 


begin 
Et-@; 
for each i such that b; 4 b’, or P: 4 P’; or fi FSi or fii FS ii do 
begin 
EHEU{n} 
done; + false 
end; 
for each s € £ do Bis] + ; 
for each n; € E such that done; = false do 
begin 
INITIALIZE(n,, b’, a, B); 
PROPAGATEQB, a, f’) 
end; 
return(a) 
end 


The procedure INITIALIZE sets all nodes in the vicinity of n, to the initial values given by b’, using a 
depth-first search technique for finding all connected nodes in a graph as is described in Aho, Hopcroft, 
and Ullman [l]. The flag init; is used to indicate whether the node has already been initialized. It is 
assumed to equal false at the start of the program and is also set to false by the procedure PROPAGATE 
once the relaxations begin. The procedure also places each initialized node into the appropriate list in the 


array B. 
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procedure INITIALIZE(n,, b’, a, B): 
if init, = false 
then 


push(Bfaj], 7); 
for each nj € P, do 
INITIALIZE(n,, b’, a, B) 
end 
The procedure PROPAGATE has already been given. It will take the initial values set by INITIALIZE 
and spread them through the network in the vicinity of the perturbation. Observe that the flag done; is 
used for two purposes. It is used by the procedure INCR_SOLVE to avoid redundant computations 
when two perturbed nodes are in the same vicinity. It is also used by the procedure PROPAGATE to 
take care of the case where a node has been moved to a new list but has not been deleted from the old. 
The complexity of the procedure INCR_SOLVE is proportional to the number of nodes in the 

vicinity of a perturbed node. This can range from O(1) to O(n). In any case, the procedure is close to 


optimal, because it only looks at nodes in the vicinity of perturbations. A truly optimal algorithm would 


only look at a node if its value will change, but this is hard to achieve. 
7.4 Unit Delay Simulation Algorithm 


Theorem 6.5 shows that the target state can be computed by solving equations for r, u', and d™ in 
the strength algebra. We will now drop the superscripts on u and d. As the phase simulation progresses, 
these values change only incrementally. Thus the techniques developed in the previous section lead 
directly to a algorithm for a switch-level simulator. In the following programs it is assumed that the 
network structure and state information as well as the vectors r, u and d are available as global variables 
and need not be passed as arguments. Only an outline of the algorithm will be given here, because it 


involves many details and requires further development of the proper set of data structures. 


The program PHASE shown below computes the fatiction .. 


phasex, 9) = | im a o (23) 


It takes advantage of the fact that each computation of se, involves an incremental changes to the 
network state. The procedure is given a list of node-stata pairs as a argument Each element of this list 
is of the form <i, x>, fnabsaliag anew setting for an iaput node, or Sn is yp, indicating a new setting for a 
normal node. The variable “newval” represents some element of this list. In general, only input nodes 
will be changed, because in, an actual circuit only these nodes are. accessible externally, 

procedure PHASE(A): 

begin 


Ee @; 
for each newval © A do 


begin 
SET_NODE(newval); 
E + EU PERTURB_NODE(newval); 
SET_TRANSISTORS(newvaly; 
E+ EU PERTURB TRANSISTOR S(newval) 
end; 
while E 54 @ do 
Ee STEP(E) 
end 
The procedure SET_NODE updates the node state, and the procedure PERTURB_NODE places those 
normal nodes perturbed by this change in the list E as well as sets the flags done; to false for these nodes. 
That is, a changing input node will perturb all normal nodes connected by conducting transistors, while a 
changing normal node will perturb only itself. The procedure SET TRANSISTORS updates the state of 
every transistor in the fanout set of the node, while the procedure PERTURB_TRANSISTORS places 
each normal node for which a transistor in its connectivity set has changed state in the list E and sets the 
flags done; to false for these nodes. The procedure STEP simulates the effects of the perturbations on the 
nodes in E which then creates a new set of perturbations to be simulated. This process continues until a 


stable state is reached, i.e. no perturbations remain, — 
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The procedure STEP is shown below. 
procedure STEP(E): 
begin 
At @; 
for each nee E such that done; = false do 
A + AU UPDATE(n)); 
Et @; 
for each newval € A do 
begin 
SET_TRANSISTOR S(newval); 
E+ EU PERTURB_TRANSISTORS(newval) 
end; 
return(E) 
end 
The procedure STEP selects a node from the list of perturbed nodes and calls the procedure UPDATE to 
compute the new states of all nodes in the vicinity of the selected node. Those nodes which change state 
during this process are accumulated in a list A. Once the effects of all perturbations have been simulated, 
the transistors in the fanout sets of nodes in A are set to their new states. This will cause new 
perturbations which are accumulated in the new list E. Observe that the procedure PERTURBLNODE 
need not be called, because by Theorem 6.7. the target state will remain stable unless either an input node 
or transistor changes state. By changing the transistor states only after all perturbations have been 
simulated, the procedure STEP creates the effect of all node states changing simultaneously and then all 
transistor states changing simultaneously. This implements a timing model in which transistors switch 
one time unit after their gate nodes change state. 


The procedure UPDATE is shown below. It applies the technique shown in the procedure 


INCR_SOLVE to solve the equations 


r= E™eottxil T yl T G™®er (6.33) 
u = dblock(E™*fx1 fT yl Tt G™™eu,r) (6.29) 
d = block(E™*+Lxi 7 Lyd T G™ed,r). (6.30) 


From these the value of the target state is computed for each node as 


1, u>Oandd =O: Peer ee (626) 
0, dj >Oandu; = 0 
X, else. 


we 
a 
Ul 


Each node which changes state is placed in a list, along with its new value. 
procedure UPDATE(n;) 
begin 
for each s € B{s} do Bis] — 2; 
INITIALIZE_R(a, B); 
PROPAGATE_R(B); 


INITIALIZE_U(n;, B); 
PROPAGATE_U(); 


INITIALIZE_D(1,, B); 
PROPAGATE_D(B); 


A + UPDATE. STATE(n); 


retum(A) 
end 


The remaining procedures will not be given. | 
The speed of the procedure UPDATE could be improved for the case where no paths of conducting . 

transistors from n, to input nodes or other normal nodes contain transistors in the x state. Suppose 
furthermore that all paths from n, to other normal nodes 7 only transistors of strength ‘pr Then 
Corollary 6.1.1 shows that the steady state signal for every, node connected by some path to 7; can be 
found by combining the initial signals on these nodes using the operation V, and the state of this signal 
equals the target state of all of these nodes. The procedure INITIALIZER could check whether this 
particular condition exists, and if so a sricclhire could be called to perform this computation, and then 
the nodes could be set to the state of this signal. This computation involves considerably less effort than 
computing r, u, and d. Considesing that in most simulations the X state arises only rarely once the X’s 
present at the start of the simulation have been forced away, such an optimization could provide a 


substantial speed gain. For the case where some normal nodes are connected by transistors with strength 
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less than Yp (ie. an unrestricted network) we could employ the method of Corollary 6.4.1 to find the 
steady state signals and consequently the target states. This method, however, may not provide a 
significant savings over the original method. | 

Our network spnplexity gives a rather weak bound on the complexity of PHASE. If we assume 
that each node changes state only O(1) times, then the total number of perturbations to the network will 
be proportional to the sum of the fanout degrees of all nodes, which is O(n). However, a perturbation 
may require O(n) operation to simulate its effects, although such cases are rare. This gives a total 
2) 


complexity of O(n Such complexity is achieved only by highly contrived examples, however. 


Experience has shown that typical networks require at most O(n) operations per phase. 
7.5 Pseudo Unit Delay Simulation Algorithm 


The algorithm presented in the previous section carefully holds all transistors fixed until all 
perturbations have been simulated, thereby creating the effect of all nodes changing state simultaneously 
and then all transistors switching simultaneously one time unit later. If we instead switch transistors 
immediately after their gate nodes change state, we obtain an algorithm with many characteristics of a 
unit delay simulator but in which all events are ordered. The characteristics of this iming model are 


discussed further in Chapter 8. 
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procedure PHASE2(A): 
begin 
Ee @; 
for each newval € A do 
begin 
SET_NODE(newval); 
E+ EU PERTURB_NODE(newval); 
SET_TRANSISTORS(newval); 
. E+ EU PERTURB_TRANSISTORS(newval) 
end; 


while E 4 @ do 
begin 
n, — dequeue(E); 
if done; = false then 
begin 
A +- UPDATE(n)); 
for each newval € A do 
begin 
SET_TRANSISTORS(newval); 
E+ EU PERTURB_TRANSISTORS(newval) 
end 
end 
end 
end 


In this procedure, elements are removed from the list E in first-in, first-out order so that the effects of 
simultaneous perturbations will be simulated before any subsequent effects are simulated. As a result, the 
algorithm provides a similar timing model to the unit delay algorithm, even though the list E evolves 


continuously during the simulation phase rather than being repeatedly filled and emptied. 
7.6 Comparison to Other Switch-Level Simulators 


Both MOSSIM [9] and the simulator developed by Terman [5] are designed along similar lines to 
the ones described here. A comparison between these three simulators serves to highlight some issues in 


simulator design. 


= 995 


7.6.1 MOSSIM 


For networks which can be described in the MOSSIM network model, the unit delay simulation 
algorithm presented here will produce the same results as MOSSIM. The two programs, however, differ 
greatly in their internal structure. | 

MOSSIM precedes the simulation by a relatively complex network analysis, primarily to partition 
the network in a way which allows selective updating. At the start of this analysis each input node is 
replicated to give a separate copy for each transistor in its connectivity set. Then the network is 
partitioned into transistor groups with each group corresponding to a connected component in the 
undirected graph with a vertex for each node and an edge between each pair of vertices corresponding to 
the source and drain nodes of a transistor. This partitioning divides the network into components which 


interact only through fanout connections, i.e. from a node in one group to a transistor gate in another. 


Fig. 7.1. A MOSSIM Network Partitioned into Transistor Groups 


3 pullup node 


* normal node 
>—-* input node 
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Since we assume the gate node is electrically isolated from the source and drain, such a connection. is 
purely unidirectional and Gepcods ga on the state of the nate aanal and not on its by Seng Thus each 
transistor group can be viewed: as a logic block with input, ourputs, a and internal state and which 
communicates with other blocks fits with nee vahies 0, 1, anid X. An example 0 of a | MOSSIM network 
partitioned into transistor -prours is shown in aan 71. A mnie partoning m method has been u aed 4 by 
researchers at the Nippon Electric bi oad in an slog autor to shies a localization of a activities 
[42]. Although our new algorithm does not require this 5 ptonng. such a techiguep provides a way of 
introducing ‘i some ion of structure into the nerwork: ‘This sveturing ‘hie several application that wil 
be described shortly. | a _ 

- During the eamuiaon a transistor group need ae be simulated when ¢ one of its oe ha 
changed. This tends to restrict the simulation to the active : portions sof the : network, thereby achieving 
some of the effect of the incremental updating fecidlape used i in the 1 new i siooaitha MOSSIM, however, 
can only take advantage of the siatic locality in the network, i.c. that which can be detected without 
considering transistor states. The new aigesithm:also takes: advantage: of xdpmamtic ocality' in which the 
source and drain nodes of a transistor in the 0 state are also considered electrically isolated. Thus, only 
nodes connected by paths of conducting transistors to a perturbed node need bé updated. This added 
selectively should yield some gain in speed. | ? 

_MOSSIM also uses a significantly different method of updating % a set of nodes following a 
perturbation, It exploits the fhct that in a restricted network a set of normal nodes connected by 
transistors inthe 1 sate wil aftain the same target sae as was shows in Corelary 6.1.1. MOSSIM 
simulates a transistor group by paititioning the normal. node. a. grep. into. equivalence classes and 
computing the steady state signal for each class, i ignoring all transistors in in the x state. Then the effects of 
transistors in the X state are simulated by first forming a “supergraph” with a a , vertex for each Leelee 
class and an edge between two vertices if a transistor in the X sinha’ hee tex source inde ta one claai end ks 


drain node in the other. This supergraph is inspected to see which classes should be set to X because of 
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possible connections to classes with: different state and greater or equal strength. 

The MOSSIM algorithm has several. drawbacks which: motivated the new approach. First, the 
initial network analysis, as well as the computation of equivalence classes, supergraphs, and so on involves 
a great deal of dynamic storage altecation. This requires = pon eer effort and cannot be 
programmed easily in languages which lack automatic heap storage management. ‘The new algorithm, in 
contrast, utilizes only recursive Procedure calls and data structures such as sets and a small array of stacks. 
Furthermore, the MOSSIM algorithm cannot be extended to unrestricted networks easily. Although a set 
of nodes connected by transistors with strength y, and state 1 in an unrestricted network will form an 
equivalence class with the same target state, the computation of this state becomes much more difficult. 
While almost all MOS designs can be described as restricted networks, the aresiei generality of the new 


algorithm gives added flexibility. 
7.6.2 Terman’s Simulator 


The algorithm used in Terman’s simulator provides a timing model similar the pseudo unit delay 
algorithm presented here. These two aigorithms differ significantly in. their functionality and internal 
structure, however. | 

Terman’s program deals only with restricted networks. For nodes connected by paths of transistors 
in the 1 ie it combines the initial signals on the sites with an operation similar to the operation Vv, 
just as-was suggested to improve the procedure UPDATE. As mentioned in Section 2.9, however, charge 
sharing is simulated by real-valued capacitances.. Fol nodes connected: by transistors in the X state it 
attempts to encode information about the network condition into additional “states” and propagate this 
information much as it does the other states (which can be likened to signals.) However, the small 
number of additional states provides insufficient detail about the network condition, and this fies a 
rather inaccurate simulation. Furthermore, simply adding more states would not correct this problem, 


because it seems as if an accurate algorithm requires two passes over the set of nodes: the first to perform 
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a pre-conditioning step and the second to compute the new node states. ‘The functionality of Terman’s 
algorithm can be expressed in the signal algebra (except for charge sharingyas:: 
. _ 6 (GE, (G™, E**) = ¥(G™, E™) 

That is, a node is set to X unless it has the same steady state signal when all transistors in the X state are 
fully conducting as when they are nonconducting. Furthermore, when charged nodes in different states 
are corinected by transistors in the X state, no attempt is made to take their relative capacitances into 
account. Instead these nodes are set to X. As was shown in Section 2.9, one has little doken this case, 
because real-valued capacitances and transistor in the X state (apparently) cannot be dealt with 
consistently. It can be shown that Terman’s algorithm is more conservative than the one given here, 
except when charge sharing is involved. That is, whenever it sets a node < 0 or 1 ones the node to 
the same value, but in some cases it may set a node to X when ours sets the rode to 0 or 1. To see this, 
recall that for a restricted network, both G™* and G™™ must be elements of { 0, y, }°%, and therefore 
any matrix in the set { G} must also obey this property. Let E equal any matrix in the set { E} and G 
equal any cnt in the set { G }. Equation 5.17 shows that o is monotonic for arguments representing 


conductance matrices. Therefore for any aE A® 


xE™ox V y V xG™oa < xEox Vy V xGoa < xE™oxV y V xG™oe, 
and furthermore, these functions are monotonic in @. A theorem similar to Theorem 6.3 then shows that 
If ¥(G™*, E™*) = »(G™",E™™), then y,(G,E) = y{G™,E™) for any GE{G} and EC {E}. 
Therefore ¥, = ¥,(G™, E™). Thus, for the cases in which Terman’s simulator sets 2 node to 0 or 1, 


ours sets it to the same value, except when charge sharing is involved. 
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Fig. 7.2. Inaccuracies in Terman’s Simulator 
Initial Correct Simulation 
Value Result Result 


x yy 0 X X 


q= 1.0 C= 4.0 


As the examples in Figure 7.2 show, however, Terman’s algorithm may set a node to X when it 
clearly should set it to 0 or 1. These examples are shown in the MOSSIM network model in which the 
pullup resistor corresponds to a d-type transistor of strength y, while all other transistors are n-type 
__ transistors of strength y>. In the first example the node is being driven to 1 by a transistor of strength y) 
in the 1 state and a transistor of strength y in the X state. The node will have a different steady state 
signal if the second transistor is conducting or nonconducting, and hence Terman’s program will set it to 
X. The state of the steady state signal will be 1 in either case, and hence the node should be set to 1. The 
second example shows a similar result when a normal node is initially charged to 1, and then connected 
by a transistor in the X state to VDD. In the third example, if the transistor had zero conductance, node 
Ny would stay charged at 1, while if it has nonzero conductance, the two nodes will share charge but U3) 
will remain above the positive logic threshold. Therefore ny has a target state of 1, but Terman’s program 


sets it to X. In many other cases, however, such as in simulating logic gates with some inputs in the X 
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‘As the examples in Figure 7.2 show, however, Terman’s algorithm may set a node to X when it 
clearly should set it to 0 or-1. These examples are shown iti the MOSSIM ‘network model in which the 


iti ‘y), while all‘other transistors are n-type 


pullup resistor corresponds to a d-type transistor of s 
_ transistors of strength 4: In the first example the’ node 'is being driven to'1 by a transistor of strength a 
in the ¥ state and a transistor of strength y in thé X state.” ‘The node will have a different steady state 
signal if the second transistor is conducting or nonconducting” and ‘hence Terman’s program will set itto 
X. The state of the steady state signal will be 1 in either case, and hence the riode should be sét to 1. The 
second example shows a simitar resiit when 4 normal node's initially charged to 1, and then connected 


3, 


F had zero conductance, node 


by a transistor in the X state to VDD. In the third ‘example, if the transixt 
ny would stay charged at 1, while if it has nonzero conductance, the two nodes will share charge but th 
will remain above the positive logic threshold. Therefore ny has a target state of 1, but Terman’s program 


sets it to X. In many other cases, however, such as in simulating logic gates with some inputs in the X 
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As a further application of mixed-level simulation, in most MOS designs certain transistor 
configurations arise very often and can be replaced by their functional representations to improve the 
simulator speed. For example, MOSSIM recognizes the transistor configurations corresponding to .6 
different nMOS logic elements: inverter, Nand, Nor, and each of these logic gates with a single pass 
transistor on its output. MOSSIM performs this optimization only when the configuration comprises an 
entire transistor group. Since transistor groups interact with one another only through fanout 
connections, each group has a clearly defined set of inputs and outputs. Hence the functionality of the 
transistor configuration can be guaranteed to match the functionality of the logic gate. For example, 
group G in Figure 7.1 can only behave as an inverter, and group G4 can only behave as an inverter with 
pass transistor. These optimizations affect only the speed of the simulation and not its functionality. This 
cautious approach overlooks other possible optimizations but involves no guesswork. With MOSSIM 
these optimizations are performed during the network analysis prior to simulation and entail little 
additional effort because the network must be partitioned into transistor groups anyway. With the new 
algorithm, no such partitioning is required unless the optimizations are to be performed, and hence the 
added cost of applying them becomes much higher. However, for networks which will be simulated over 
long sequences of inputs, the net savings can be significant. 

Implementing a mixed-level simulator requires small extensions of the procedures PHASE and 
STEP given earlier. In addition to maintaining the list of perturbed nodes E, we must also maintain a list 
of perturbed function blocks F, i.e. those blocks for which some input has changed since the most recent 
updating. When the procedure PERTURB_TRANSISTORS is called to find which nodes are perturbed 
when a changing node state causes a changing transistor state, we should also call the procedure 
PERTURB_BLOCKS which will add any block to the list F which is perturbed by the changing node 
state. In the procedure STEP, blocks in the list F should be simulated and the nodes at their outputs 
should be set to their new states. Any node which changes state is added to the list A. With this 


implementation function blocks will be simulated much as they are in traditional event-driven logic gate 
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simulators. 
7.8 Performance of MOSSIM 


~ Although the algocithans presented in this chapter have not been implemented, their performance 
should be comparable to MOSSIM. Thus we can use the performance -of MOSSIM asa measure of the 
speed of switch-level simutation. Furthermore, ‘since’ MOSSIM can: réplace transistor configurations 
corresponding to certain logic gates by a gate-level representation, we can compare the relative speeds of 
switch-level and logic gate simulation. 

MOSSIM is written. in the language, CLU [26]. All:times were measured on a DEC 20/60. While 
the program, programming language, and computer systems ‘have been: designed to provide reasonable 
performance, there is room for speed improvements in all three areas. 

Table 7.1 lists the characteristics of six different: binary counter ‘circuits, three each of two basic 
designs. Both designs have the circuit shown in Figure 7.3 for each-bit position. Data is stored 
dynamically, and no initialization circuitry has been included. The chain of half adders forms a 
carry-ripple adder. The two designs differ in how the half adders are implemented. The first, called 
CNTR, utilizes four Nand gates and an inverter to implement the sum and:carry logic in a conventional 


way. The second, called MCNTR utilizes a pre-charged: Manchester carry chain as shown in Mead and 


Program 7.1. Test Case Networks 


Name Transistors” "Logic Gates 
CNTRIO-OPT | 70 
CNTRIO-UNOPT 200 0 
CNTRIG-OPT 0 112 
MCNTRI10-OPT 124 52 
MCNTRIO-UNOPT 258 0 
MCNTRI6-OPT 200 84 


* includes depletion mode transistors 
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Fig. 7.3. One Bit of Counter Circuit 
Phil carry in 


Phi2 carry out 


Conway [28, p.150] to implement the carry logic and a selector logic blotk [28, p.152] to implement the 
sum logic. This design achieves high speed by pre-charging each bit position in the carry chain on each 
clock cycle, so that the carry lines are never driven through load transistors. 

Both designs were tried in 10 and 16 bit versions (e.g. CNTR10 and CNTR16). The suffix "OPT" 
for the entries in Table 7.1 indicates that MOSSIM replaced the transistors for whatever logic gates it 
could find with the logic gate representation. The suffix "UNOPT" indicates that the network .was 
simulated entirely at a transistor level. As can be seen, the conventional counter design can be replaced 
entirely by a gate level representation, while in the other design only 50% of the network (measured by 
the number of transistors) could be replaced. Experience has shown that between 50% and 80% of typical 
designs can be represented at a gate level. 

Table 7.II gives performance data for the six circuits. All times are measured in CPU milliseconds 
per clock cycle. Best and worst case times were measured by finding which cases minimized or 
maximized the time, while average times were measured by averaging 1024 clock ylee The best and 


worst case times could not be measured with complete accuracy for the faster circuits. 
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Program 7.1]. Performance Statistics 
CPU miltiseconds / clock cycle simulated 


Circuit average best worst 
CNTR10-OPT 30 30 70 

CNTR10-UNOPT 9 ‘ ~ 220 
CNTR16-OPT 34 ic! 110° 
MCNTRIO-OPT 300 260 320° 
MCNTRIO-UNOPT 400 360 440 
MCNTRI16-OPT 490 - 450 530 


First let us consider the data for CNTR. The transistor level simulation requires 3 times longer than 
the gate level simulation. This eres a measure of speed of a simulator which operates at a transistor 
level relative tc to one which operates at a logic gate level. Furthermore, if the simulator were designed cals 
to simulate logic gate circuits, its speed could be improved further. Nonetheless, it dius that the speed 
of a switch-level simulator can approach that of ; a ionic gate simulator. Observe that the best and worst 
case times differ realy. This indicates that unless the ¢ carry propagates a ons, way uring a clock cycle, 
large portions of the network remain inactive. “This i is also seen in the 6 bit version where the average 

‘time is only slightly sascai than for the 10 bit version, but the worst case time 6 grows i in proportion to the 
network size. — “* 

"The data for MCNTR indicate much different performance characteristics for this design than for a 
soa ventional gate implementation. The circuit requires up to 13 times longer (for the 16 bit version) than 
CNTR. This difference is due largely to the greater amount of activity in MCNTR. On every clock cycle, 
sil cafiy lines arespre-chiargsel dad dice che ses Wonks Gepeaih on the carry vase. Ge staclast will nk 
comput the sum based a the pre-charged value and then on the final carry value. Furthermore, 
transient X sates arse eto sneak pt in the pupil dvr forthe cry cain and the sum loge, 
causing many more activities to be simulated. Thus, the amount of activity in the network is almost 
independent of the length of the carry propagate. This is indicated by the closeness of the best and worst 


case times and by the fact that the simulation time grows in direct proportion to the network size. Note 
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also that in replacing 50% of the network with logic gate representations, et improve thé speed by 25%, 
showing that these optimizations do not provide a major performance gain. 

These measurements indicate that the performance of a switch-level ‘Soitlatat on cae widely 
depending on the nature of the sete to be simulated. For circuits implemented.mostly with logic gates, 
the activity is highly localized and much of the design can be simulated at a gate level. For: designs using 
more exotic techniques such as pre-charged and pass. transistor logic, activity occurs throughout the 
circuit and a larger portion must be simulated at the. transistor level. In either case, however, the 


simulation time grows at most linearly with the.network size. 
7.9 Summary | 


Uniike previous switch-level simulators which were-based: solely on the intuitions of the designers, 
the algorithms presented here are based on a mathematical theory. This provides a framework much like 
numerical analysts have in which problems are formulated as.a set of equations, and the goal becomes to 
find efficient algorithms to sie them. In our case, the simulation algorithm relies mainly on a technique 
for solving recurrence equations in. the strength algebra. By studying this sigaplified and more abstract 
problem, one can see more clearly the trade-offs between algorithmic complexity and. simplicity of 
implementation. Furthermore, the algorithms can be proved correct. The characteristics of equations 
which arise in simulating MOS networks such as sparseness and locality of changes can be exploited to 
obtain an algorithm which is particularly efficient for this application, 

| Once the basic unit delay algorithm has. been developed, it-can be altered to provide a slightly 
different timing algorithm or extended to improve the: efficiency. and generality of the simulator. It can 
be seen that switch-level simulation can be combined with logic gate and functional simulation so that the 


best features of each may be utilized. 
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8. Timing Models 
8.1 Introduction 


The unit delay algorithm presented in Chapter 7 simulates the network as-moving through a 
sequence of target states. To the external viewer, this provides a timing. model in which a transistor 
switches one time unit after its gate node changes state;.but in which signals propagate-along paths of 
conducting transistors instantaneously. For common implementations of inverters; Nand gates, and Nor 
gates, such as those shown in Figure 2.2, this-algorithm: also simulates fogie gates as ‘having unit delay. ‘fn 
this chapter, the modeling of time in MOS circuits will be investigated in terms of both simulating the 
functional behavior of a design and detecting timing errors. Example networks will be sven scuisiging 
logic gates. It is assumed that these gates are implemented in one-of the styles shown in Figure 2.2, all of 
which behave identically from a logical point of view. 

As was mentioned in Chapter 2, switch-level networks share many commonalities with relay and 
logic gate networks when viewed as systems computing logical functions. The target state provides. the 
basic characterization of the logical function computed by a switch-fevel network. It gives the node states 
created by the network in response to the current states. Thus it describes the excitation of the network 
much as the excitation of a Boolean gate network [20] is defitied as the output values of all logic gates as 
functions of their current input values. Many of the theoretical techniques and algorithms developed for 
logic gate networks (and relay networks) can be adapted to the switch-level model. In-doing so, however, 
several characteristics of MOS systems must be kept in mind. 

First, the sheer size of MOS LSI systems imposes constraints on the practicality and usefulness of 
many techniques. Such tools as Karnaugh maps-[20} and flow tables [22, 43] require a complete 
enumeration of all possible network statcs, which would grow exponentially with the number of nodes. 
Such techniques can only be applied to small sections of a design. In fact, any algorithm with nonlinear 


time complexity must be viewed with skepticism for networks in which the elements number in the 
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thousands. Similarly, any tool which requires "hints" from the user such as the location of feedback 
paths, state variables, or delays becomes unwieldy for large networks, unless this information can be 
derived algorithmically from some source such as the layout specification. This problem becomes even 
greater as LSI designs are geneniisd by automated or partially automated systems, because the designer 
may not have the intimate knowledge of the network required to provide such hints. Thus the desire to 
handle large networks and to implement any technique as a computer algorithm changes the standards by 
which techniques are measured. 

As a further point, switch-level networks differ from networks in other logic models in that the X 
level can arise during normal network operation due either to short circuits or improper charge sharing. 
For example, sneak paths between input nodes in different states often arise in pass transistor logic 
circuits such as the push-pull drivers used in output pads [28, p. 165]. Generally these error conditions 
occur transiently and have no effect on the ultimate network behavior. The presence of X states may not 
indicate a badly designed circuit but only a temporary ambiguity in the network operation which must be 
scrutinized to see how far it propagates. This contrasts with logic gate models in which either Boolean 
behavior is assumed at all times or at least that an X value can only arise as the result of other X’s. 
Techniques developed for other logic models often require modification to handle the X state. 

Traditional assumptions about sources of delay in digital systems do not apply to MOS circuits, 
either. Most analytic techniques for asynchronous circuits [22, 29, 43], assume that delays occur only in 
logic elements (gate delay) and not in wires (line delay.) Furthermore, they assume that a logic element 
will respond to all inputs simultaneously. This would require in MOS implementations of logic gates, 
such as those shown in Figure 2.2, that all transistors respond to changing input signals at the same rate. 
Such an assumption may not hold, because p-type and n-type devices may have different timing 
characteristics, and even transistors of the same type may not behave identically due to variations in 
geometry, fabrication details, and stray capacitances. A timing model for MOS circuits should allow each 


transistor to have an independent switching time. With this degree of generality, however, we can also 
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model tine delay by incorporating it into the switching times of the transistors with their gates attached to 
the wire. Furthermore, transit delay (the time required for a signal to travel through a conducting 
transistor) can usually be modeled by incorporating it into the switching time of the transistor. ‘Thus, a 
timing model which allows arbitrary delay times for each’ trarisistor can ‘model all forms of delays in'an 
MOS circuit. Given. that wiring delays are predicted to dominate in future VLSI circuits [36], the ability 
to model wiring delays may play an important role. Many of the traditional: analytic tools, however, 
cannot deal with this degree of generality. 

Asa final, and somewhat more optimistic note, much of the concern about timing in traditional 
logic design need not concern the MOS designer. Most MOS: systéms: are designed to operate 
synchronously with conservative clocking schemes. For example, in‘a pioperly designed circuit with a 
two-phase, nonoverlapping clocking scheme [28], no maffunctions due ‘to timing can arise as long as the 
clocks run slowly enough for the circuit to settle during each time epoch, but fast enough to avoid the loss 
of stored charge. These methodologies have been adopted, in fact, to compensate for the difficulty in 
accurately predicting the exact time behavior of MOS cifcuits, especially if the design is to operate 
correctly despite variations in fabrication and despite the inability to fine tune circuits once they have 
been fabricated. For such systems, almost any timing model would’ provide sufficient accuracy to test the 
functionality of a design. However, timing still remains an issue for those designs in which relative path 
delays can affect the logical behavior and for ascertaining that a design’can operate at a particular 


clocking rate. 
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8.2 Simulation Timing Models 


Much attention has been focused on timing models for logic gate simulators. Some of these 


techniques will be described and their suitability for switch-level simulation will be discussed. 
8.2.1 Unit Delay 


To implement a unit delay model the simulator computes the excitation of the network and then 
sets the node states to these values. This model has been used successfully in both logic gate and 
switch-level [9] simulators. It provides the same level of accuracy as logic designers use when they analyze 
timing by counting logic gate delays. This suffices to model the functionality of a a wide variety of 
designs, because very few circuits rely on a path with fewer logic gates having a longer delay than a path 
with more. A unit delay model, however, may deceive the logic designer who finds that a design can be 
made to simulate correctly if extra delays (e.g. inverter pairs) are inserted along some paths. Often the 
actual circuit cannot be corrected so easily because of factors such as the assymetric rise and fall times of 
ratioed logic gates and the inexact behavior of the circuit during transitions. 

Unit delay simulators can fail to terminate, both in cases where the actual circuit would run 
indefinitely, and in cases where the actual circuit would settle. For example, a simulation of an inverter 
ring would not terminate, such as the one formed when the input to the network shown in Figure 8.1a is 
set to 1, because the circuit would run indefinitely. More importantly, the circuit shown in Figure 8.1b 
has a critical race if the input is changed to 1, but eventually the slight differences in the two Nand gate 
delays would cause the conflict to be resolved (although not with a predictable outcome.) With a unit 
delay simulator, however, both logic gates are simulated as having the exact same delay and the 
oscillations continue indefinitely. As a practical matter, this problem has arisen only a few times out of 
many simulation runs by many users. The conditions leading to these oscillations seldom appear in real 


designs. This nontermination due to perfectly matched delays can create major difficulties, however, if 
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Fig. 8.1. Networks for Which Simulation May Not Terminate 


a). 
0-1 
b). 
0-1 
c). 
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the simulator tries to initialize the network nodes to states other than X, because a naive choice could well 
create effects similar to the example in Figure 8.lb. To prevent nonterminating simulations, the 
simulation program can be designed to halt after a maximum number of unit steps, with this limit set 


according to the network site: 
8.2.2 Pseudo Unit Delay Simulation 


A pseudo unit delay simulator proceeds by computing the excitation of a set of nodes resulting from 
an event selected from an event list, where each event indicates a perturbation in the network state. These 
nodes are then set to their excitations and any resulting perturbations are added as events to the end of 
the event list. This process continues until the event list is empty, indicating that the network is in a stable 
state. As long as the event list is maintained as a first-in, first-out queue, this simulator resembles a unit 
delay simulator in that if two nodes are perturbed simultaneously, the effects of both will be simulated 
before any perturbations they cause are simulated. However, activities which are modeled as occurring 
simultaneously (and hence independently) in a unit delay simulator will be ordered, and hence one may 
affect the other. This ordering will depend on the internal details of the simulation program and to the 
user will appear unpredictable. Such a simulator would terminate for the example shown in Figure 8.1b, 
although not in a predictable way, because the simulator would arbitrarily select one logic gate to simulate 
before the other. The network shown in Figure 8.1c, however, has a similar form of critical race, but a 
pseudo unit delay simulator would fail to terminate, because in following a FIFO discipline the simulator 
would alternate between the upper and lower chains, giving the effect of perfectly matched delays. One 
should note, however, that this example is very contrived, whereas networks like that of Figure 8.1b are 
quite common. It is not known whether less pathological examples would fail to terminate with a pseudo 
unit delay simulation in cases where the actual circuit would reach a stable state. Circuits with 
nonterminating behavior such as the inverter ring shown in Figure 8.la will have nonterminating 


simulations. Thus, a pseudo unit delay simulator partially solves the problem of unbounded oscillations, 
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but at the expense of introducing some degree of unpredictability. .This technique ‘has been used 


successfully in a switeh-level simulator {5}. 
8.2.3 Zero Delay 


To implement a zero delay model [12] all feedback pate must ‘be. broken baw that the system 
becomes a combinational network, computing a function front the inputs and current values of the state 
variables to the outputs and new values of the state variables,. Each pass:through the network appears to 
occur instantaneously, and hence the term "zero delay". ‘This:model: assurhes the circuit is free of critical . 
races. With this approach an ordering can be placed on the network elements such that each element is: 
simulated at most once during a pass, thereby achieving. greater efficiency than cither a unit delay. or 
pseude unit delay simulator. Simulations of networks such as those shown in Figures 8.1b and 8:ic would 
terminate, assuming that the paths in both cases. are broken in only-one place, although:a simulation of 
the network shown in Figure 8.la would. nat. .Such a technique would apply to MOS. networks only if the 
feedback loops could be identified automatically. Finding a minimum set:of feedback’ loops is. known.to 
be an NP-complete problem [17], ian for most applications a set which is not minimum: would suffice. If 
an algorithm chooses to break the paths in Figures 8.1b.and 8.1c ia two:places, however, a‘nonterminating 
simulation could result. Furthermore, the user would have little understanding of the simulation timing 
unless informed of the points at which feedback paths are broken. .A zero delay model has appareatly not 


been tried in a switch-level simulator, 
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8.2.4 Continuous Time 


Many logic gate simulators introduce a continuous time measure by allowing the user to assign 
delay times to the logic elements and using a time-ordered event list schéduler, Some-even allow logic 
gates to have different. rise and fall times [44], to model logic gates in.ratioed circuits. Such a technique 
has been proposed: for. switch-level simulation. with the network parameters which determine the delay 
computed by a layout analyzer [5]. With MOS circuits, however, delays are affected’ by many ‘details | 
which the switch-level model! ignores, such as both the linear and nonlinear effects of transistors, the 
threshold voltages, the capacitive loadings (which age ai secetoa. and the as vatiiee 
waveforms on the nodes. As one tries-to take such details into-account, it becomes-difficult to achieve a 
consistent level of detail. without resorting to a-full-scale analog simulation.. An inaccurate simulation 
would create more problems than it would solve, because usets tend to place great faith in numerical 
results even if they have.no validity. 

Perhaps the most promising approach is to find lewer and upper bounds on the circuit delay by: 
applying only simplifications of the analog behavior which cam be guaranteed either conservative or 
optimistic. The user can then tighten the bounds by increasing the level: of detail at which the circuit is 
simulated, until it can shown that the required timing condisioas will be met» Recent work by: Glasser 
{18} takes important. steps in. finding these-kinds. of sinplificatiéas;:but:much:more work is required 
before it becomes a practical simulation tool. This form of simulation would provide the most reliable. 


verification of the ability of 4 circuit to operate-at a_particularclocking rate. 


8.2.5 Summary 


None of the models listed above. will satisfy all.users at all.times. However, the unit delay and 
pseudo unit delay models stand out for their simplicity, understandability, and consistency with the level 
of detail which the switch-level model is intended to provide: To choose between these two, one must 
compare the value of greater predictability against the value of a greater (but not total) immunity to 


nonterninating simulations, 
8.3 Analysis of Timing by Ternary Simulation 


Rather than introducing a continuous time model.into a switch-level: simulator, one might best 
leave such a level of detail to analog simulators where i cen ‘be handled accurately. Instead, the 
switch-level simulator could be used to identify those portions of a system which warrant closer timing 
analysis by analog simulation or some other technique. This would allow the more powerful (Sut more 
expensive) tools to be applied just where they are needed. For example; the speed of a synchronous 
circuit is often: limited by a single critical path, such as the carry chain of an adder. A unit delay simutator: 
could generally find this path by finding which nodes changed state during the last unit step of a 
simulation phase and then working backward... 

A method known as ternary simulation has been developed to detect possible hazards aad critical. 
races in logic gate circuits without introducing 2 continuous time: model [21, 23, 46}. This technique usce 
the X state to represent the ambiguity. caused: by a‘nade in: ¢ransition from 6 %0 1 or 1 to 0. Ternary. 
simulation techniques can also be applied to switch-level networks to detect possible sources of timing 
errs "Ths lari of the circa Can ich ethee he aelgaad or aualyned by mote detailed scthods 


such as circuit simulation. 
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8.3.1 Algorithm 


The algorithm for a ternary simulation of MOS networks can be described in terms of the function 
phase. Suppose a switch-level network is in a stable state y, ie. y = step,(y), and we “ish to simulate the 
effects of changing the input nodes to state x’. The resulting state y’ is computed as 

q + phase(x Lx’, y) 

y) + phase(x’, q). 
That is, first all nodes i for which Xj of x are set to X, and the network is simulated until it settles. Then 
the input nodes are set to their final values x’ and the network is again simulated until it settles. For logic 
gate networks implemented with transistor circuits such as those shown in Figure 2.2, this algorithm 
reduces to the one proposed by Brzozowski and Yoeli [11] for logic gate networks. Ternary simulation 
requires only slightly more effort than the unit delay simulator described earlier. Observe, however, that 
the X state will now become the most prevalent state during the simulation, because every time a node 
makes a transition, it must go through the state X. For the method to provide useful information, the X 
state must be simulated accurately and efficiently. The algorithms presented in Chapter 7 satisfy these 
requirements. 

It is claimed that each node n; will have a new state yi equal to 0 or 1 if and only if it would have 
this unique state regardless of the magnitude of any delays in the circuit. Any nodes sensitive to network 
delays will have yi equal to X. This claim has not been proved formally, although it can be motivated 
informally, and weaker statements have been proved. 

The ternary simulation method will first be motivated informally. In setting the input nodes to 
xL!x’, all inputs which may be changing simultaneously are set to X, indicating that their exact values 
cannot be ascertained. In the first computation of phase, these X’s are propagated to all nodes which are 
sensitive to the input node transitions, including into the feedback paths corresponding to unstable state 


variables. In the second computation of phase, the final values of the input nodes are propagated to any 
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nodes which are combinational functions of the inputs and of any stable state variables. If a feedback 
loop has developed containing all X’s, however, these nodes and any nodes dependent on them will 
remain in the X state, because the behavior of the actual circuit would depend on the exact delays in the 
feedback paths. The assumption made in our logic model that a set of transistors with the same gate node 
may behave independently when the gate node is in the X state gives the effect of each transistor 
responding to a transition at an independent rate. Thus a node will be set to 0 or 1 if and only if it has 
this unique state regardless of the transistor switching delays in the circuit. 

For example, the network shown in Figure 8.2 contains a 2-out-of-3 majority with its output fed 
directly to one input and through an inverter to another. An MOS implementation of the majority gate is 
shown by Seitz in Mead and Conway [37, p.255]. The output of this gate equals 1 or 0 if at least two 
inputs equal 1 or 0, respectively, and equals X otherwise. The reader can also verify that an MOS 
inverter in our model will have output X if its input equals X. Suppose initially that x) = 0, y) = 9, 
Y) = 1, and that we change x) from 0 to 1. Assuming unbounded transistor switching delays (or 
equivalently unbounded line delays), there will be a critical race depending on the relative delays in the 


two feedback paths. A ternary simulation would first set x, to X, and then compute the new state X for 


Fig. 8.2. Ternary Simulation Example 
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both nodes ny and ny. Thus, feedback leops have developed containing only X’s. When x, is then set to 
1, both n; and ny will remain at X, indicating a critical race. This example demonstrates that a Muller 
C-element (consisting: of a majority gate with-its output fed back to ote of ks: inputs) implemented in 
MOS may malfunction if its feedback path contains an excessive delay. Iri-fact, Dennis and Patil have 
shown [14] that a C-element cannet be constructed whiclr is guaranteed to function despite arbitrary line 


delays. — 
8.3.2 Theoretical Results 


Brzozowski and Yoeli [11] have proved that an algorithm similar to the one shown here will set a 
node in.a logic gate network to 0 or 1 only if it-has dis crac aabeicapaidines ob logic gate delays. Some 
networks which would function properly assuming only unbounded logic gate delays, such as the 
example of Figure 8.2, however, may have nodes:set to X. ‘Fhese auditors conjecture, ‘but do not prove, 
that. their algorithm will set a node te 0 or 1 if and only if it-has this unique state regardless of both gate 
and: Hine delays. Their proof relies primarify.on the monotonicity of the excitation function for the partial 
ordering 0 <.X and 1 < X. Their proof also assumes that .a logic network:normally contains only nodes 
with Boolean logic states, but this requirement can be relaxed.. ‘The ‘excitation function for the 
switch-level model is step,, and we have already seen by Theorem 66. that it is monotonic. Thus, 
Brzozowski and Yoeli’s proof can be applied to show that for-y’ resulting from the ternary simufatien, 
each element yj will equal 6 or 1 only if it has this unique state: regardless of the transistor switching 
deep with the restriction that transistors with the same gate’ node must» have ‘tite same delay. 
Furthermore, a proof of their conjecture could be applied to show that each element y’; will equal:0:or 1 ; 


if and only if it has this unique state for arbitrary transistor switching delays. 
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Brzozowski and Yoeli’s proof also shows. that the ternary algorithm will always terminate. after a 
linear number of simulation steps {in the number of nodes.) For example, the simulations of all three 
networks shown in Figure 8.1 will terminate, (but with the nodes in the: X: state.) Even though such 
circuits as the inverter ring aonie Figure 8.1 will nun indeGnitely, their: ternary simulations wilt 
terminate. Thus, the worst.case perfarmance of ternary simulation is better than that of any of the timing 
models described previously. In practice, this potential gain is offset by the larger number of node’ 


transitions and the greater effort required to simulate the effects of the X state. . 
8.3.3 Application 


A ternary simulation would provide useful results for synchronous systems; because a well designed: - 
synchronous system should contain no critical races:under: any. delay model.: ‘Timing errors tan only arise. . 
as a result of insufficient-clock intervals, and these should be checked by-critical path: analysis. “For: - 
asynchronous systems, on the other hand, Denais.and Patil [14] have shown that no‘ nontrivial sequential” 
Circuits can be built which will function correctly. despite arbitrary line delays. : For exaniple, the Muller. 
C-element forms the cornerstone of most speed independent circuit designs [29], and.we have already 
seen how it can fail with ternary simulation. A ternary simulation of most asynchronous circuits would 
overwhelm the user with X’s and provide little information about the design. Unger [43] describes how 
delay elements could ie bitenacad iao'd sertaaey wtaibaciont By inserting delay elements into carefully 
selected: feedback peths, circuits can be: made.to simulate in a reasonable manner. This style of 
asynchronous design, however, hes limited application in MOS. LSI, because it requires too: much | 


fine-tuning of the circuit. eg 
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8.4 Toward a Simulator for Self-Timed Systems 


In some design disciplines, timing constraints are assumed to hold within small regions of the 
circuit, but as long as these constraints are satisfied the system will function correctly regardless of the 
delays in other parts of the circuit. For example, many speed-independent designs require only that the 
C-elements operate properly. Seitz has proposed a class of systems called self-timed systems [36] in which 
particular timing constraints can only be assumed to hold within equipotential regions, while arbitrary 
delays may be incurred by any communication between regions. This methodology allows much 
flexibility in the design style, because a subsystem contained within a single equipotential region can be 
implemented with a synchronous or asynchronous circuit, or recursively as a self-timed system. 
Self-timed systems may also have overlapping equipotential regions, but we will not consider this 
possibility. Ternary simulation would provide a useful tool for testing self-timed systems if it were 
applied only to those portions which are to function correctly despite arbitrary network delays. The 
simulator should only model the functionality of those portions for which particular timing conditions are 
assumed to hold, thereby providing the appropriate stimulus to the portions simulated by the ternary 
algorithm. 

Such a simulator would have many advantages over detecting timing errors with a continuous time 
model simulator. With a continuous time simulator, numerous cases must be simulated with slight 
changes in operating conditions and network parameters. Even a poorly designed circuit may simulate 
acceptably due to a chance combination of input conditions, element parameters, and simulation model. 
With ternary simulation all possible forms of uncertainty due to timing are condensed into a single state 
and hence a single simulation run analyzes many cases simultaneously, always finding the worst case 
behavior. With a self-timed system simulator, the user could isolate small regions of the design for which 
particular time behavior is assumed to hold. These regions could be tested extensively ee a very accurate 


circuit simulation. Then the simulator tests the hypothesis that as long as these regions function correctly, 
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the entire design will be insensitive to other circuit delays. 

A system could be simulated in this manner if the regions of the circuit for which ternary simulation 
| is to be applied were separated from those regions to be modeled with a pseudo unit delay simulation by 
special network elements as will be described informally. These elements serve to convert between the 
two modes of simulation. Regions may only be connected through fanout connections, i.e. from a node 
in one region to the gate of a transistor in another. 

Ramp elements convert the 0-1 and 1-0 transitions resulting from a pseudo unit delay simulation to 
0-X-1 and 1-X-0 transitions for the ternary simulation. When the input to a ramp element changes, the 
output is first set to X, initiating a transition event, an indication of which is placed on a special event list. 
Any time a perturbation resulting from a transition event causes an X to propagate to a node, this change 
also becomes a transition event. Events are selected from the normal event list only when the transition 
event list is empty. The simulation is continued until the network settles (i.e. both event lists are 
emptied), at which time the X’s will have propagated as far as possible. Then the simulator sets the 
outputs of those ramp elements with output equal to X to their input values, and the effects of these 
events are simulated until the network settles. It can be seen that the combination of ramp elements and 
this scheduling algorithm leads to a ternary simulation of those regions with ramp elements at their 
inputs. 

Trigger Elements convert the 0-X-1 and 1-X-0 transitions scuiltiig from a ternary simulation into 
0-1 and 1-0 transitions. That is, if a transition event causes the input to a trigger element to be set to X, 
the output is held in its previous state. When the input is set to a new state by a normal event, the output 
is set to this state. In this way, the X states arising from the ternary simulation will be blocked from 


entering regions for which the simulator is only to model the functionality. 
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While this simulation technique has not yet been implemented, it shows great promise as a tool for 


locating possible timing errors in self-timed systems. 
8.5 Summary 


The relatively simple unit delay and pseudo unit delay timing models have proved adequate for 
modeling the functional behavior of both synchronous .and self-timed. systems. These models provide 
little information about possible timing errors, but for circuits. designed with. conservative clocking 
schemes, such information is not required. A continuous time stiodel simulator would prove most useful 
for verifying that a circuit can sustain a particular clocking- rate: Such a simulator should try to place 
lower and upper bounds on circuit performance by: applying only. simplifications which can be 
guaranteed conservative or optimistic. It should-allow the user to-tightenthese bounds by increasing the 
level of detail at which the circuit is modeled: Ternary and self-timed system simulators provide a 
powerful tool-for detecting critical races. Unlike analog simulators, which can only verify a design for a 
particular set of circuit delays, these simulators can verify. a.design forall: possible sets of circuit delays, 


except for small regions in which particular timing conditions must be assamed to hold. 
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9, Conclusions 
9.1 Final Thoughts 


The value of the awlich level model ‘has already been proved by extensive experience with 
switch-level simulators. These simulators have shown great versatility: and accuracy in modeling the 
logical behavior of systems constructed using many different architectural and cirewit design techniques. 
Furthermore, they utilize only information about the actual: structure of the design such as can be 
obtained from the mask specifications. By operating at a logical level, switch-level simulators achieve 
performances approaching those of logic gate simulators. 

This thesis has demenstrated that the switch-level model can also be developed into a mathematical 
description of the behavior of MOS logic circuits. This allows.a rigorous derivation of equations to 
express the operation of a network from which simulation algorithms can be derived and proved correct. 
These new algorithms improve on previous algorithms which were based on the programmer's intuition. 

The degree of generality allowed by the switch-level model does aot.come without its costs As 
compared to relay and logic gate models, our mathematical model seems ‘much more complex and 
intractable. A long and difficult process was required to derive the basic simulation technique. This 
difficulty stems partly from the novelty of the model. The switch-level model cannot be described 
adequately by such well-developed concepts as Boolean and linear algebras, and hence we were forced to 
develop a new abstraction and justify it in terms of an electrical model. Furthermore, the switch-level 
model supports a much richer variety of circuit and architectural design techniques than do traditional 
logic ae The Mead and Conway approach to custom LSI design differs from other approaches such 
as polycells [33] and gate arrays [19] in that it allows the designer to select from the entire variety of 
different design techniques and even tailor the individual devices to provide many trade-offs between 
speed, power, density, and ease of design. To provide sufficient expressive power for this level of 


generality, a logic model must be more complex than logic gate models, but as has been shown this 


generality need not come through ad hoc-extensions.. 

Unlike commercial. LSI designs, however, Mead and Canway encourage the use of structured 
design methodologies and simplified design techniques:. ‘This permits a:‘heavy reliance on computerized 
design and analysis tools to fealee the many hours of highly skiled labor used: to produce commercial 
LSI designs. The tools can be designed along the lines of this. methodology, thereby achieving better 
performance and encouraging the user to produce well structured designs. With the emphasis shifting 
away from techniques appropriate. for humans: to-those.:appropriate for :computer implementation, 
techniques should be judged primarily on their ability: to be implemented:as computerized tools. In this 
regard switch-level simulators compare favorably’ with logic: gate simulators and greatly outperform 


analog simulators. 
9.2 Suggestions for Further Research 


‘Fhus far, the switch-level model has only been implemented in. the form of logic. simulators with 
simple timing models... While these applications have demonstrated the value of the switch-level model, - 
they represent only the. beginnings of an entire class of tools for: MOS design. -The switch-level model 
helps bridge the gap between the views of an LSI design .as an electrital circuit or asa piece of artwork 


and the view as a system. which. computes a logical fiction... — . 
9.2.1 Simulation 


Simulation will always play an important -roje ‘in: the. LSI design process. Humans have a 
remarkable ability to. synthesize designs, often applying great cleverness in selecting from a seemingly 
- endless:range of possible approaches.. However, many. hours of tedious: werk-.and much self-discipline are 
required to generate a totally correct design by hand. Computers, in contrast, lack the kind of aversion: 
and intuition which goes into novel and original. designs but will: willingly perform tasks which humans - 


find impossibly dull. Thus a natural complement is formed with computers verifying the designs and. 
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ideas produced by humans. Simulation provides just that-form of verification. It directly tests the 
functionality of a design in much less time and at fauch less cost than the preduction of prototypes. 
Furthermore, it can often provide more information than can reasonably be measured from an actual 
implementation of a design. 

Future logic simulators could provide more rigorous checks of the correctness of a design. Unlike 
current simulators, which try to provide as much generality as possible, the simulator could be tailored 
toward a particular design methedology to check whether the design adheres to this methodology. Many 
of these checks can be added with little additional complexity. 

A slight modification of the algorithm given in Chapter 7 would yield a simulator which provides.a 
more rigorous test of CMOS designs. In CMOS, node voltages correspond to valid logic levels only if 
they very nearly equal 0.0 or Vad: Even the threshold voltage drop ae from a pmenel with state a 
passing through an n-type transistor or a signal with state 0 passing through a pape transistor is 
considered excessive. Thus, a1 signal passing through a conducting n-type transistor should beceme an 
X and similarly for a 0 through a p-type, unless the complementary transistor is connected in parafiel. A 
simulator can achieve this effect by modeling a turned-on mtype transistor as: having conductance equal - 
to its strength for signals of state 0 and having an unreliable condwctanve for signals of state 1, ‘ad 
conversely for p-type transistors. The techniques developed for modeling transistors in the X-state can be 
extended to describe the behavior of the network for this model with only slightly increased effort. 

The self-timed system simulator described in Chapter 8 would test whether a circuit — fulfills 
the requirements of self-timed system design. . It does so.in-a ‘more rigorous and reliable way than would 
an analog simulator and with much less computational cost. The algorithm for this simulator must still be 
developed in detail, however, and the design of a suitable user interface will: present many challenges. A 
more formal understanding of the theory behind this simulation method is also required. Brzozowski and 
Yoeli’s conjecture that a ternary simulation tests whether.a design will: function properly for arbitrary line 


delays remains an open problem. The proposed combination of. ternary and pseudo unit delay 
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techniques has also not been studied formally. This style of simulation could greatly assist the design of 
self-timed systems. 

Simulators could also be designed to provide new kinds of information. For example, whereas 
existing simulators only tell the re the state of the network, a more sophisticated program could also tell 
how it got there. This would greatly aid the user in debugging adesign. ~ : 

Simulators could also provide more information about circuit timing. Even’ with methodologies 
such as conservative clocking schemes and tools such as ternary simulation, for some applications the user . 
must know the time behavior of a circuit. For exatnple, if a ‘system must function at a clock rate 
determined by other chips or by the particular application, the designer must verify that this clock rate 
can be sustained. Hopefully, a fult scale analog simulation canbe avoided by identifying the critical path 
and simulating only this part with a simplified: model: It is believed that a considerable amount of detail 
must be added to the switch-level modet before it can model: circuit timing with the same generality and 
accuracy with which it models the functionality. While the “order of magnitude” electrical model may 
describe the logical behavior adequately, it provides limited information about circuit speed. Ideally, any 
simplifications of the electrical: behavior should be guaranteed coitservative or optimistic so that the 
simulator provides bounds ot the:performance. The simulator sould be able to apply different levels of 
detail'so that the bounds can be tightened until they are‘atceptable for the application. Unlike existing 
hybrid simulators in which increased accuracy is achieved only by going to a totally different (and often 
incompatible) model, the simulator should allow a smooth and reliable transition between the levels of 
detail. — | 

A switch-level simulator could also provide information about the effects of circuit faults. Unlike 
the traditional methods of fault-analysis, which assume:that afogit gate wifl fail by becoming “stuck-at” 
some level, the switch-level model.can describe the failure of individual transistors or connections. For 
example, a:faulty transistor can be modeled as a transistor in the X state, i.e. an unknown and unreliable 


conductance. Similarly, a faulty wire can be modeled as two nodes connected by a strong transistor in the 
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X state. This application of the X state has not been studied in detail. 

Finally, we must consider what form of simulation will work for VLSI design. The current 
implementations of switch-level simulators model the entire design as a network of transistors or at best 
combine some of these eee into simple logic go While the efficiency of this technique has 
proved adequate for modeling LSI systems containing up to 10,000 transistors, it will clearly fail for VLSI 
systems containing 100,000 or perhaps 1 million transistors. As with all other design tools, the size and 
complexity of VLSI systems forces a rethinking about logic simulation.- Systems of this size must be 
designed hierarchically, where each Jevel of the design involves combining subsystems designed at the 
next lower level. A simulator must utilize this hierarchy to achieve the required performance and to assist 
the. user in maintaining the hierarchy. Switch-level simulation ai previde valuable assistance at the 
lower levels of this hierarchy. It can be used to verify that a transistor circuit implements a particular 
logical function either by automatically comparing it to a functional specification or simply by allowing 
the user to test the design. Once the functionality has been verified, the simulator can replace the 
switch-level representation with a functional representation. for simulation. at the next level of the 
hierarchy. In some cases the user may also wish to simulate some portiogs-of the network at a functional 
level and other portions at a switch level. As was seen earlier, a.simulator ¢an be designed to combine 
simulations at these different levels. Thus switch-level simulation will serve an important role in VLSI 
design. 

9.2.2 Other Design Tools 


Most existing LSI design tools treat a design as a piece of artwork. For example, most layout 
systems and design rule checkers view the design as a collection of geometric primitives with no 
understanding of the actual or intended functionality. As a consequence, they provide only limited 
assistance to the designer. The switch-level model can help introduce a greater understanding of the 


functionality of a design. 
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Current design rule checkers, for example, check only the geometric features in the layout. 
Experience indicates that they catch only a limited class of errors and also report many extraneous errors. 
For example, if the designer omits a contact cut, no error is reported. If a wire contains a gap, it will be 
reported only if the gap is smaller than ike interwire spacing tolerance. A more useful checker would 
perform both the geometric analysis and the extraction of the switch-level logic network. It would 
produce two results: the switch-level network it believes was intended, and the design rules violated by 
the layout with respect to the network. By simulating the network and checking the list of violations, a 
designer would have a much greater chance of detecting most errors. Furthermore, since the checker 
would have a better understanding of the electrical connectivity in the layout, it could greatly reduce the 
number of extraneous errors reported. Experience with C. Baker’s layout extraction program [4, 5] has 
already demonstrated that many errors in the artwork can be detected by deriving the switch-level 
network and applying several simple checks. 

The switch-level logic model could also be incorporated into a design “analyzer” which detects such 
features in an MOS logic design as feedback paths, sites of dynamic storage, potential race conditions and 
short circuits. Many of the theoretical techniques which have been developed for the Boolean gate model 
could be profitably adapted to the switch-level model. 

The ultimate goal of computer-aided design is to automatically synthesize an LSI or VLSI design 
from a high level functional description of the system. Current automated design systems such as Bristle 
Blocks [24] still require the user to design large portions of the layout by hand and have only an 
incomplete understanding of the circuit’s functionality. These tools would benefit to some degree by 


adopting the uniform representation of a logic design provided by the switch-level logic model. 
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9.2.3 Theoretical Developments 


The mathematical developments in this thesis provide a firm foundation for switch-level simulation, 
but much more theoretical work is required before the full potential of the switch-level model can be 
realized. Several areas have already been mentioned in connection with their possible applications. For 
example, the exact ‘elation between circuit timing models and both ternary and self-timed system 
simulation techniques remains to be established. Similarly, research has only begun on methods for 
introducing more detailed timing information in ways which can be guaranteed conservative or 
optimistic. Finally, developing computer algorithms to identify feedback paths, sites of dynamic storage, 
and other features of a design will require a much better theoretical understanding of the structure of 
MOS logic networks. Many of these analysis problems appear to be NP-complete, but heuristic 
techniques can probably be devised which will work efficiently for most real designs. 

The simulation model developed in this thesis provides only an operational model of a logic 
network. That is, given a particular initial state, it describes the state in which the network will ultimately 
" stabilize. A more powerful model would describe the function computed by the logic network. For 
example, Shannon showed how the Boolean function computed by a combinational relay network can be 
derived from the structure of the network. The Boolean function for a logic gate network can generally 
be derived by inspection. Work on denotational semantics of programming languages is also directed 
toward deriving the function computed by a computer program. Much more work will be required to 
develop a corresponding functional model of switch-level networks. At present, the conversions between 
the logic states, logic signals, and signal strengths tend to obscure the function computed by the network. 
Furthermore, expressing the ternary function computed by a network (i.e. including the state X) involves 


considerably more effort than expressing the Boolean function. 
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A functional model of switch-level networks would have many applications. For example, it could 
be used to verify that a network implements a particular function. Unlike programming language models 
in which this task is in- general uncomputable, for logic networks we can always construct truth tables by 
simulation, and hence any design an be verified in at most exponential time. Furthermore, various 
heuristic techniques could reduce the complexity considerably for most problems. hee automatic 
logic design verification may be practical. A functional model could also help make the transition iat a 
switch-level simulation to a functional level simulation: That is, if the’ function coriputed by a section of 
a design could be derived automatically, the simulator could-replace the switch-level representation by a 
functional representation. This seems especially practical if it is: applied to small sections of the design, 
such as to the transistor groups used in MOSSIM.’ Since most design’ Contaity many instances of a 
particular transistor configuration, only a small number of different configurations. would need to be 
analyzed. Thus, developing functional models for switch-level networks poses a great chalienge but 


should yield many applications. 


Appendix I - Multi-Port Networks 


This appendix contains derivations of several equations and proofs of some properties regarding 


passive linear resistor networks 
I.1 Introduction 


Suppose a time-invariant network N contains only voltage sowrces.and passive, linear resistors in 
which each. voltage source has its negative terminal connected te the reference.node GND and is set to a 
voltage 0.0<v<Vyq.. Assume furthermore that each node'is connceted by some path to a voltage source 
and that voltage sources are never connected in parallel, and hence all node voltages are well-defined. 
The corresponding zero-state network Np is defined as the network formed when all voltage sources in N 
are set to 0.0, ie. they are short-circuited. The network Np contains only passive, linear resistors. _ 

A port in the network consists of two terminals with any node serving as the positive terminal, and 
the reference node GND serving as the negative terminal. We will be interested in networks with at most 
three ports, labeled 1 through 3. The indices i and j are used to denote any of these ports. We require 
only information about N aa Np which can be observed at the ports. Otherwise the networks can be 


considered "black boxes”. 


1. Nodes which are the positive terminals of voltage sources in N correspond to input nodes in the 
switch-level network, while other nodes correspond to normal nodes. Either kind of node can be a 
positive port terminal. 
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1.2 Port Parameters — 


The open-circuit impedance parameters are defined in terms of the voltages measured at the ports of 
the zero-state network No when a current source is connected across one.of the ports. That is, if current 


source I is connected across port i, and a voltage v5 is measured at port j, then Zii is defined as 


These parameters formt a matrix Z which in our casé has dimension 3X3. Most presentations of 
multi-port networks [15] describe the analogous 2x2 matrix for two-port networks. The diagonal 
elements of Z are the "selfimpedance” terms, i.e. the impedance measured attoss éach port of No when 
all other ports are left open-circuited. The off-diagonal elements ‘are the “cross-impedance” terms 
indicating the degree to which the positive terminals of the two ‘ports’ are céntiéctéd: That is, z 2ij equals 
0.0 if there is no path in No between the positive terminals Of ports and j,) or if one of these two 
terminals is connected directly GND through a zero-state voltage source. At the other extreme, z i : equals 
Zij if every path in No from the positive terminal of port i to GND passes through the positive terminal of 
port j | 

For a passive resistor network, the matrix Z obeys ae ws aes pee Fin: all elements 


are nonnegative and finite. Second, since the network i is ecprocal the matrix is symmetr: 


ny 


z for all i and j. 


ij iP 
This follows directly from the Reciprocity Theorem [15]. Third, for 2;; gD, when a voltage source with 
a positive volage v v is connected —_ across Spor iof No. while _ othe pom are left open-circuited, it 


will pene the same s effect as a current source wane current v/ Zi | Therefore, the voltage at any port j 


1. As the term “path” is used here, a path cannot contain the reference node GND or any node 
connected directly to a voltage source as an intermediate node. 
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under these conditions will be 
Z:: 
vi = lly. 
J 2 


This voltage cannot be less than 0.0 or greater than v, and therefore - 


00 < 2 < 2p foralliandj (A1.1) 


This result also holds when:z;; = 0.0, because this:case occurs only when the positive terminal of port i in 
Ng is connected directly to GND by a zero-state voltage source, and hence z;, = 0.0. 

The open-circuit voltage parameters of N are defined as the voltages v, V2, and v3 measured at 
ports 1, 2, and 3 of N with all three ports open-circuited. Parameters of this nature-haye not-been found 
in any other presentations on multi-port networks. In general, these ‘voltages will not be completely 
independent of one another when the network cantains paths between the positive port terminals. To 
derive some of their relations, suppose that a voltage source of voltage v; is ssa ates port i of N. 


Then no voltages in N will be changed. Now if all voltage sources in N are set to.0.0, the voltage at any 


port j will be given by 
Pan 
“4 ~ Z43 i" 


when 2; > 0.0. Furthermore, since this kiana was obtained _ changing the settings on some voltage 
sources from nonnegative values to 0.0, ib ini be fens than or equal an the cclaingl Gpied-clicult voltage Of 


port j in N, and therefore 


Z:: 
00 < My < y for all i such that 2;; 5 0:0 and all j. (A1.2) 
ii 


The Thevenin ae of the network Nat Bort i contains a voltage source set to the open-circuit 
sis vltnae Gnd bvestanr ol Gaaduiceanie igs to tie et Caadattaace wren die Dock with all sguiees'eet 
to 0.0. As long as the other ports are left open-circuited, the Thevenin equivalent of N. at port i is 


described by the parameters: 
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Suppose the resistor conductances are given by rational functions of p with degree greater than 0.0. 
Then the open-circuit parameters will also be given by rational functions: ofp. with degree less than 0. 
Furthermore, since 0.0 2;(p)}<24(p) for all vakaes of p: 


deg2;) << deg(z;) < 0 forall i andj, 


Similarly, the open-circuit voltage parameters will be. given by -rational functions of p, and since 


0.0<v;(p)<V qq for all values of p 


devi) < 0 foralli. 


1.3 The Effect of a Variable Resistor 


A network containing a single variable resistor can be described. by..a fixed network N with a 
variable resistor connected acrogs.ports.1 and-2, as-shown-in Figure L1, Since the positive terminal of 
port 3 can be any node in the aewors the port voltage « can ap cheat the hein on any nor in the 


network. Suppose the resistor has conductance hy and the reauing bot seuaies equal v’ py '» and v’ z 


Fig. 1.1. Multi-port Model of Network with Variable Resiater 
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This resistor will have the effect of injecting a current I into-port 1 of N and removing the current I from 


port 2, where 
I = hv’) - v'). ; 


By superposition, the voltage at any port equals the sum of the voltage created by the sources of N, the 
voltage created by the current injected into port 1; and tie voRage created by ‘the-current removed from 
port 2: 

vi = yt try — Iz (A1.3) 
Vio = yt MV) HVE yp ae 


For ports 1 and 2, this gives two equations in the two unknowns v', and v'5: 
v1 = vy + h(v') — v'M21) = 242) 
v'g = vg + ACV) — v'oN2y9 — 239). “vat hes 


This set of equations can be solved to’give. 


(AL4) 


In particular, the voltage at port 3 will be given by 
nee wo Mey: 7 
¥3 = "3 + 104 fey — 2247 4 2) wy) 


To gain some insight into this equation, observe that for small. values of h, vy - v's FEV] — V2, 


and therefore 
v'3 v3 + (vy — ¥9XZ73- 29h (AL6) 


In other words, the denominator in equation Al.5 approximately equals 1.0. As h becomes very large, the 
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increased conductance between the two nodes will be offset by the decreased voltage difference, and 


hence each node voltage in the network approaches an asymptote: 
Al) 


Thus v; is approximately a linear functiotr of h for:smalt vakie# Of h and levels off to a constant value for 


large h. , edt es 
The general form of equation A1.5 is 


v(h) = v(00y +: pp. BMY 


Furthermore, since 212 <1 and 212 <p 


b= ay - a + 2 = ey a ay) + en ~ Dp) > 00. (A18) 


saf 


Equations 3.4 and A1.8 are sufficient to prove Lemma 3. L 
We can derive further properties of equation. ALS. _ When a positive. current, lis injected. into port 1 
and removed from port 2 of Np, the positive terminal of port 1 must have the maximum node shiaks in 


the network and the positive terminal of port 2 must have the minimum, “Therefore | 


I(249 — 299) S W243 - 293) S Mey — 24) 
(242 — 22) S (233 — 293) S (2 ~ 242). 


The second inequality holds when I is ‘negative as s well. From this one can see iat 


| “1B = tl 3 < a = -25 + tn (AL9) 


If the resistor conductances are given by rational functions of p, then the voltages will also be a 


rational function of p and will have a general form 
vip, hip) = v(p,00) + 7p Aer. 


Furthermore, since the impedance parameters all have degrees less than 0, deg(b) < 0, and since equation 


A1.9 halds for all values of p: 
dev — ¥oXz13 — 273) << deg(z}3 — 23) ‘<< deglz}} — 2249 + 2p). 


Therefore 


deka), S.deghh):< Q- 


These results are sufficient to prove Lemma 3.3. 
As a historical note, although equation Al.5 would seem to have other applications in électrical 


network theory, no such result has been fotindl in the literature. Somye presentations on sensitivity analysis 


oft 


eresere F 3 O4Tie baat 


(such as [15, p.678]) derive the approximate equation Al.6 a onl values of h, a the : more re general 


result is not given. The ean of enue! the vena resistor as a 1 current source oF unknows current 
td chee later solving simultaneous ecpiations to find this current is Ceccuie credited to Kron [25] which 
he used in a method called “diakoptics”. More recent, this ‘technique has been applied to silted 


systems of sparse equations by a method'called "eg I: So 
ie 
1.4 The Effect of Counting Two Ports - 


We can determine the effects of connecting tngeier ports L and 2-m network N by letting the 
conductance h in the previous 4s dedopaets ace ‘infinity. “We will assume that 2), >0.0 and 


27> 0.0, i.e. there is no voltage source connected arty cahere ports 1 or 2 of ni In the limit the 


ee on the two ports will approach a single vtage v where 


) - or _ zy 
= ‘y + 


= lm v’ : 
. 24 7.223) +299 


h —» 00 1 
By rearranging terms we get 


(24) _ 212%} + (2) - Z42)¥2 
241 ~ 2232 + 299 


v= 


1. This restriction can be assumed, because the combination rule is never applied directly to the logic 
signals which describe input nodes. 


If we define k) and k> as 


few ~ 
Noe 

wood 
ce 
/~ =. 
IN N 
Sor 


_ 9}(1.0—ko)vy + go(l.0—k))v 
| they = gi O=—ky) + anO—ky) 


(4.4) 
where g, and'g, are the Thevenin conductances at ‘ports } and 2, ie. the reciprocals OF 21 and 249, 
respectively, and from our assumptions both values must be positive and finite: The following properties 
of the factors ky and k» can be derived from their definitions and from equations Al.1 and Al.2: 


ggky = aykz 
00 < k) < 10 
00 < ky, < 10 


Equation 4.4 and the above properties of the factors k, and k» are sufficient:to prove the validity of the. 


combination rule for cyclic connections, as is done in Chapter 4. 


Appendix II - Proofs of Results in Chapter 6 


This appendix contains proofs of Theorem 6.4, Corollary 6.4.1, and Theorems 6.5 and 6.7.. 
II.1 Passive Networks 


The method of conditioned relaxations rile on the. fact that logical conductances act as passive 
elements. That is, when a signal is coupled through a logical conductance, the resulting signal has 
strength less than or equal to the original signal strength. Furthermore, signal combination always 
ignores the weaker signal. This allows us to kill any signal i a node. with strength less than the steady 
state signal strength, knowing that no possible action of the: network could amplify this signal into one 
critical to the formation of some steady state signal. . 

The passiveness of logical conductances has kinportant implications on the recurrence equations 
describing a logical conductance network. Before the. eget wees can be proved, some general 
properties of “passive” recurrence equations must be derived. For a value s € ¥ let a, denote the vector 
block (a,[s]), where [s] denotes a vector with each element equal tos. Similarly, for a function 
3" + F"let f,, denote the function f(a) = block (f(a), [sD 

A function f:3" 4 #° is said to be passive if for any s and any a, f,(a) = f,(a,). In other words, if 
b = f(a) then any element of b greater than or equal to s can depend only on elements of a greater than 
or equal to s. No element of a less than s will be amplified into a value greater than or equal tos. A 
function of more than one argument is passive if it is passive for each argument. The functions f, |, °, 
block and constant functions are all passive, as is any composition of passive functions. The successor 
function suc, on the other hand, is not, where suc is defined as suc{y ,) = Yp and for any a< y,, suc(a) 


equals the least element of S greater than a. 


The following lemma shows the relation between the minimum solutions of the equations a = f(a) 


anda = f, (a). 


Lemma A2.1. 

For a monotonic and passive function f:s° + f°, if a™ is the minimum solution of the equation 
a = f(a) then a" is the minimum solution of the equation a = f. (a). 

Proof of Lemma A2.1: 


We will show by induction on k that 
FO, = £0. 


This clearly holds for k = 0, so assume it holds for k-1. 


FO, = FOO = FO) = GUO = £60. 


The minimum solution of a = fa) is given by 
alt = aly = _ 
Observe that this property may not hold if the function f is not passive. For exampk, the minimum 
solution of the equation a = suc(a) equals 'p but for any s> 0, the minimum solution of the equation 
a = suc,(a) equals 0, even though the function suc is noaoioele: 
We can now prove a lemma that expresses in a very distilled form that the method of conditioned 


relaxations will not lead to a "runt" solution with some signals weaker than the steady state signals. 


Lemma A2.2. 


For a monotonic and passive function f:3° — %°, if a™" is the minimum solution of the equation 
a= f(a) then a™ is also the minimum solution of the equation a = f(a) where 


f(a) = block (f(a), a). 


Proof of Lemma A2.2: 

Let a™’ equal the minimum solution of the equation a = f‘(a). Clearly a™ is also a solution of this 
equation and therefore a™* > a™". We will prove that the two veptors are in fact equal by iaduction on 
decreasing strength values. By Lemma A2.1, ws and a™ s are the minimum solutions of the equations 
a= f(a), and a = f",(a), respectively for any value ax s. The function block obeys the following 
identities 


‘block , <4) : = “Y» 


1p 
black c,d) = block , 2 Saafs) 
That is, unless the second argument is greater than the first, Block behaves as an identity function of its 
first argument. Therefore | 
Fy {a) = block , (f@),a™) = fy {a). 


eer : mo 80 __ cme? — om . 
This implies that a pnt New suppose a ssetsy = 37" suctay We. will show. that 


= far) = block Ffam™'), yy) = block f(a), a avs) 


We know that a™*" . 7.) <a", and therefore the left hand argument of block in the above equation 
must be greater than or equal to the right hand argument. This means that this application of block will 


behave as an identity function of its first argument, giving 


es = Seah). 


which shows that a™*’, = a™*.. The set Sis totally ordered and finite. Hence by induction on decreasing 
strength values a™’ = a™*. 8 . 
This result also may not hold for a function f which is om eae: For example, the equation 
a =suc(a) has a minimum solution Vp but the eats a = block (sucfa), Y ? has a minimum solution 0. 
The result of Lemma A2.2 can be expressed i ina form elas to what is sequlied to prove Theorem 


64. 


Lemma A2.3. 
For a matrix G € #9 %2, and a vector b€ A® define the functions f, anita 


file) = block (FH TE +e, 1) 
 fo@) =. block (Lbs 1.G°d,n), 
where 
r= G bbb 


Ifu™ and d™ are the minimum solutions of the equations w =‘f;(u) and d = f9(d), respectively, then 


i ee 


Proof of Lemma A2.3: 


Define the function g as . 
g(a) = block (WBET Gea, 0). 


Lemma A2.2, combined with Corollary 6.2.1 shows that r must be the minimum solution of the equation 


= g(a). We will show by induction on k that 


sk = 4*ot 4Xo. 


Clearly this holds for k = 0. Now suppose that it holds for k-1. 


gX(0) = block (WONT Geg*1Q), 1) = Block Wout GE tO)t EXO), » 
BK(0) = block (TOIT GFE MO), 1) 1 block LATE LEO, ) = 4*OT HO. 


Taking the limit of this equation gives the desired result. . 
_ lim ok, — lim lim ai ‘ 
r= im e@ = im AOT A = Te. 
11.2 Theorem 64 


Lemma A2.3 takes care of the most difficult part of the proof of Theorem 6.4. 


Theorem 6.4. . 
For a matrix G € #°*%". and a vector bE A", define Gas G = xG. The unique minimum solution of 
the equation a = f(a), where 


Sa} = 6V Goa (6.19) 


are a ue Vv - 
= + , 


where u" and d™ are the minimum solutions of the equations u = /,(u) and d = fo @, respectively, 
and the functions f, and fy are defined as: . . 
f,@) = block(Tb1 7 Geu n) (6.20) 


fo@ = dlock(LbITGedn, (6.21) 


r= Geto. | (6.22) 


Proof of Theorem 6.4: 
Define the vector kas A = +u™ V -d™*_ We will first show that & satisfies the recurrence relation 


k= f(). Observe that [41 = w™ and Lad = d™". Lemma A2.3 then shows that 
r= ute = HAE = FONT GORE = BBV Gohl. 


Substituting this into the definition of f, gives 


f,TAY) = dblock(Tb1 7 Gefhl, 8b V Gok) = Th V Gok. 


Similarly, 


fo(thl) = LbV Gohl. 


Since FA1 = u™, PRT = f,(C 87), and similarly LAJ = f,(L&.d). This shows that 


ho= +TA1V -Lad = +75 V Gohl V -LBV Gohl = 5V Gok. 


Therefore & satisfies the recurrence relation h=fi (4), which implies that A > a™*. By the monotonicity 


off WT 1, andl J: 


Whi > Waa . (A2.10) 
u™ = Tht > re (A2.11) 


d™* = Lhd > Led, (A2.12) 


We can now show that A must equal a™" by factoring the equation a™" = f(a"). First we can find the | 


strength of a™ as 

WoW = HEV Gom@™@h = NbN T Geta E. 
Therefore ll a™* fl must be greater than or equal to the minimum solution of this recurrence relation, i.e. 
Ha" >r=HAW. Combining this result with the inequality of equation A2.10 shows that 


Wa™" | = 1 AH. Now wecan see that 


ra") = ThV God] = block(T 61 1 Ge Ta*1, i a™ h) 


ra"7 = block(Tb1T Ge rem, rn = fe). 


Therefore Ta™*7 > u™, which when combined with the ‘inequality of equation ‘A2.11 gives 


ra™*7 = u™, A similar derivation gives L@™1 = d™*. We can now complete the proof with 


saree = Ve 


11.3 Corollary 6.4.1 


Corollary 6.4.1. : 
For a matrix G & f°") and-a vector ’ G .A?: if Gis.defined as:G =.xG, ttien'the minimum solution of: 
the equation a = f(a) where 


fl = bV Goa 


a = my SO 6M 
oe S@ = kill F@, r), (6.25) 
and. bd, ol tues 
r= Gsnbe 
Proof of Corollary 6.4.1: 
Expanding the equation for f” gives 


F(@ = Kill(’V Goa) = +block(Tb V Goal, 1) V -block(Lb V Goal, 0). 
In the proof of Theorem 6.4 it is shown that r = fa" ll and therefore for any a << @™" 
r= Nah = WOET Gele™ A > POET Gebel = Vv Goal. 
For any a <a 


block (T'V Goal, r) 
block (T6 V Goa’, r) 


back (block (F611 Gefay bb V Goal), 1) 
block (411 G*Tal, 1) = f(FaD, 


ou 


where f; is defined in equation 6.20, and a similar result holds for the 0 part with respect to the function. 


Jg defined in equation 6.21. Then for a <a™ 


£@ = +(e) V -~fylLad. any 
We will show by induction on k that 7 ; ee 
rk. = +f,*0) V fy) 7 | ie 
This clearly holds for k = 0,and assuming it-holds for inp tha | | : 
ron = 5h 
ros = fy) 


For u™" and d™* defined in the statement of Theorem 6.4, /,“(@) <u" and f*(0) < d™*. Therefore, by 


the monotonicity of +, -, and V: 
£*Q = +450 Vv -4KO < +t V -am = a, 


and equation A2.13 applies when 4 = r*@. This allows.to expand pt 1 as: 


lg = re*O = +hCs*OD Vv Alero 
Ply = +yAk@v -pGQton = 4**t1o v -AKto, | 


which proves the induction assertion. a the result of Theorem 6.4 with equation A2.14 gives 
ess afk Vso. 200" = = 20 CANO -~fyXo)), 
and therefore . 
en = lim ro. | i 


Read 
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IL4 Theorem 6.5 


The target state y of a switch-level network is given by 
— <u> Li <-€">, eee (628) 


where a® and d™ are the minimum solutions of the equations "= = g,(u) and d = gp(d), respectively, 
and the functions g, and gp are defined as 


83(u) = beck{E* efx tT TAT Eee. (6.29): 
(a) = block (E+ Lxt 7. kyl T Gu dr), (6.30) 
and 
r= GM ened Ty = (631) 
Proof of Theorem 6.5: 


First, the idea behind the optimization ele atgebra ic maniipulation 


¥GBH = <1G,5> 


<4+F 1. V_-LXG, E)i> 
7 = ey tE) 4G} 18} = = cot pay TOD weno 
7 <+ r > <-LXG, E)J>. 
7 = ghey "GD gh te — 


‘The last step above follows fipen the Mantity shown:in equation 5,7. J fetes om tee ct tag aalens the 
state of a signal equals X, either its 0 part or its 1 part must equal 0. Furthermore observe thatthe 


meen of b whose value is <+b> is monotonic, and therefore 


a 


<+a> Lj <+b> = “<atop 


and that a similar identity holds with -. Hence 


7 =< tT 1 < LAG, E).)>. A2. 
y “ence GD U “Goncn E).1) (A2.15) 
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Since f denotes the pointwise maximum operation, this equation shows that the target state for any node 
n, can be computed by finding the maximum values of [v,(G, E)1 and Lv(G, EF) for allG € { G} and 
Ee {E}. 

Define u™"(G, E) and d™(G, E) as the minimum solutions of the equation u = f,(u) and d = fo), 
respectively, where 


block(E*lx1t yl t Geu, Ge(Eetxilfiyt). 


f,u) = 
fo(d) = block(E*Lxi fT Lyi Tt Ged, GE oxi TU yf). 
Theorem 6.4 shows that 
u™(G,E) = [XG,E)1 
dG, E) = LWG, 54, 
Therefore, if we can prove that 
wt = T yng, A2.16 
{G , {E} (G, E) ( ) 
= d™(G, A217 
{G}.{E} (G, 5), ( ) 


then comparing equation 6.28 to equation A2.15, it can be seen that the theorem will be proved. 
Only the proof of equation A2.16 will be shown. Equation A2.17 follows identically. For any 
GE{G},EE{E}andue® 


E™-rs1 7 yl t G™*u 
G™".(E™ oH x Il Ty W)). 


Efx1t Fy1T Geu 


< 
G'e(Eetxit iyi) > 


Therefore, since block is monotonic in its first argument and antimonotonic in its second, f; < 84: 


Applying Theorem 6.3 gives u™"(G, E) < u® for any G and E in the allowed range. Therefore 


T min 
(G}{E} (GE) < u™ 
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To complete the proof, we need only find some setting of G.and E which gives u" mG, E) = w™. 
Define the matrices G’ and E’ as follows: 


om. = Ooru™, =0 


i om", > O.and and > 0, 


nis x15 0 
- {~! ry 


We will show that u"*(G’, EF’) = u*. From these definitions, we can see that 


E’*fxt = Ex, (A2.18) 
and can show that for any u< a™ 
block (G'=4,4)' = bloeR (G™™*", 1). (A2.19) 
To see this, observe that for u< u™, 


block (G'* u,r) < block(G™*u,r) < block sie eum, y< ~ Block k (a 5 


Therefore, for u™; = 0, 


0< block (G' * uh.) < block (u™., r) = 0, 


and for u%, >0, 


biock (G' + hy) = Block( Twigs ra) 
Block > 9 omy ly ” 
Bock (+a) 


block ({G’ ul, r;) 


block (G' * u};, r;) 
Equation AP 18 and A2.19 moly iat aT se a ncmrion wo Bie coaeion 
u = se Tx1t TyITGeny . (A229) 


and furthermore any solution less than or equal to u™ must also sia the equation u = se and 


therefore u™ is the minimum solution of equation A2.20. Lemma :A2.2 then shows that u™ must also be 
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the minimum solution of the equation. 
u = Dlck(E*fx1t fy1 1 Gew, r tu. 


Lets = G" (E+ Wx WT Hy!) Itisclaimed that s.= rf wu. Clearly - 
se Gne"o(em + Hct By) < G'-@' <4xNThy®) = 


We know that s is the misimum.solution of the equation.a = Afa). where 


Ha) = Fenix iyi t Gea. 


This shows that s > u™, because the function in the recurrence equation A2.20 is less than or equal to h. 
Therefore s > rT u™. Next we wilt show that rT u™ = A(r Ta), which will prove that FT u™ > s, and 


when combined with the previous inequality, shows that r T u™ = s. First observe that 
Ge(rtu™) = GrtGeu™ 


This follows because if 1 > u®*;, then u%"; = 0, which implies that the ith column of G’ will equal the th 


column of G™. Similarly 
Ett = EMH xf Eee. 


We also know that r satisfies the recurrence relation 


t= E™e Hel Ugh Gen. 


Combining these facts with equation A2.20 gives 


u@tr = E'erxtt fyi tGeu*™ tr. 

utr = E'ePx1f EMexi fT Ty1 ft yl T G's ie eae: 
utr = Eee t dyl 1 Gotu" ty - ° 

utr = Arf u™). 
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Putting these results together, we have shown that u™ is the miriintam solution of the equation 
u = dlock (ET x1 Ty1t Gu, Goo’ FT yD), 
and therefore u®' = ['»(G’, E')1.. This completes our proof that 


CHE ED 


A similar result can be proved for &* which completes the proof of tie thedtem- 8 


11.5 Theorem 6.7. 


Theorem 6.7.. _ 
If ¥ = target (x, y, z), then ¥ = target (x, ¥, 2). 
Proof of Theorem 6.7.: 
Define the vector 7 as the set of signals formed by the normal odes in state, Le. 
<jy> = 7 
Ayh= op 


Observe that I yl = ly i = cap, and therefore for r defined in equation 631 
r= Gaon st thy) = C= east tT 05D. 


Compare the functions 
£00) = Block E+ FT TyT oa 
2100) = Block (E™ + Fx1 rF1t ome 


Let u™ and u™ be the minimum solutions of the equations u = g,(u), and u = g,(u), respectively. We 
will show that these two vectors are equal. First, [y,1=u™|cap, for all i. Furthermore, 


u%, > dlock (Fy,1, 1), and Fy, < cap; for all i, which implies that F',1 > Block (Ty,1, 1)). Therefore, 
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since block is monotonic in its first argument 
block (T y1, r) > block (block (Ty1,1r),r) = block (Ty1,r), 


which shows that g, > g,,and by Theorem 6.3, u® > u. We will now show that chese two * tues are 


in fact equal by showing u® = g ,(u). Since u™ > F'y1 > block (T'¥1, ), 
gy(u™) = ur = uf block(F 1,1) = g4(u)T block (Ty, n), 


and furthermore g,(u") = 84(u') = u™ > block (Ty, 1) which gives 


m= 24 (0). 


Thus u™ = u%, and by a similar argument we can show that d° = d°*, where d°* is the minimum 


solution of the equation 
d = bdlock(E™*Lxi fT Lyd tT G™d,n). 


Theorem 6.5 shows that farget (x, y, z) is given by 


target (x, ¥,Z) = <+u%> (J) <-d"> = <+u™> )<-d"> = sarget(x,y, 2). | 


tu 
Pp) 
b] 
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